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Abstract 

Toric geometry provides a bridge between algebraic geometry and combina- 
torics of fans and polytopes. For each polarized toric variety (X, L) we have 
associated a polytope P. In this thesis we use this correspondence to study 
birational geometry for toric varieties. To this end, we address subjects such 
as Minimal Model Program, Mori fiber spaces, and chamber structures on the 
cone of effective divisors. We translate some results from these theories to the 
combinatorics of polytopes and use them to get structure theorems on space 
of polytopes. In particular, we treat toric varieties known as 2-Fano, and we 
classify them in low dimensions. 
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Chapter 1 

Introduction 



A toric variety is a normal algebraic variety X containing an algebraic torus T ~ 
(C*)" as an open dense subset, together with an action TxX X extending the 
natural action of T on itself. To each toric variety X one associates a fan Ex . 
Many geometric proprieties of X are encoded as combinatorial proprieties of 
Ex- There are also connections between projective toric varieties and polytopes. 
Each polarized toric variety {X, L), where L is an ample Q-divisor on X, defines 
a rational polytope P. This correspondence is one to one and again there are 
links between geometric proprieties of {X, L) and combinatorial aspects of the 
associated polytope P. 

Toric varieties play an important role in the algebraic geometry. Thanks to 
their combinatorial description, they provide several examples and have been a 
natural place to test general conjectures and theories. The main reference for 
an introduction to toric varieties is Fulton's book [34] . 

One of the most important achievements in birational classification of alge- 
braic varieties is the so called Minimal Model Program (MMP for short). The 
aim of the MMP is to run a succession of special birational transformations on 
X in order to achieve a variety X' that is birationally equivalent to X satisfying 
one of the following: 

1. Kx' is nef (i.e., Kx' > 0), or 

2. X' admits a structure of Mori fiber space (i.e., there exists an elementary 
fibration f : X' ^ Y such that —Kx' is /-ample). 

The birational transformations allowed in MMP are very special: they are 
either divisorial contractions or flips. Since a projective toric variety is bira- 
tionally equivalent to P", its canonical class can never be made nef, so the 
MMP for projective toric varieties always ends with a Mori fiber space. 

The MMP was proved by Mori for threefolds in [53] and for toric varieties 
in [23] . Recently, a special instance of the Minimal Model Program, the MMP 
with scaling, was established for arbitrary dimension in [8]. 
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One of the problems that we are interested in is the study of MMP from the 
viewpoint of polytope theory. In [22] Reid has estabhshed the MMP for toric 
varieties by interpreting it as a sequence of operations on the associated fans. In 
this thesis, we consider a similar problem. Given a polarized toric variety (X, L) 
we define operations on the associated polytope that describe each step of the 
MMP with scaling for {X, L) . Our first task is to give a complete description of 
polytopes associated to Mori fiber spaces. We call these Cayley-Mori polytopes, 
and provide an explicit facet presentation for them. 

Next, we summarize the results established in this thesis: 

1. We introduce a new class of polytopes, called Cayley-Mori polytopes that 
correspond precisely to Mori fiber spaces. 

2. We describe the structure of spaces of polytopes. 

3. We describe the Minimal Model Program with scaling as an operation on 
polytopes. 

4. We investigate toric 2-Fano varieties, providing a classification in low di- 



1.1 Cayley-Mori Polytopes and Mori Fiber Spaces 

We say that a simple polytope is a Cayley-Mori polytope if it is isomorphic to a 
polytope of the form Fq * ■■■*Pk = conv{{Po x wq), (Pfc x Wk)) C M" x M*-', 
where Pq, P^. are n-dimensional strictly combinatorially equivalent polytopes, 
{wi, ...,Wk} is a basis for M'^, and wq = 0. We prove that these polytopes 
correspond precisely to Mori fiber spaces obtained from Q-factorial projective 
toric varieties by running MMP. 

1.2 Spaces of Polytopes 

Let Vi G Z", 1 < i < r, be distinct primitive vectors such that cone(?;i, = 
M". Set H = (vi, ■ ■ ■ ,Vr). For each a = (ai, ...,ar) G M'' define the polytope: 



Since two distinct element of VV-h can define the same polytope, one is led 
to consider the quotient W-h / ^, where ~ is the equivalence relation that 
identifies elements a, € VV-h such that Pa = Pb- 

We prove that Wu / ^ can be realized as an r-dimensional closed convex 
polyhedral subcone of Wu C W , denoted by Vu- We show that there is a 



mension. 




We define the space of polytope presentations Wu as 



a e M'' Pa is a nonempty polytope > C M*^. 



4 



point ao £ VP-h such that Pao is a simple polytope (i.e. each vertex is contained 
in exactly n edges) which has exactly r facets. Let X be the toric variety defined 
by Pa„- The cone Eff{X) of effective divisors on X admits a decomposition 
in convex cones called GKZ decomposition of X. We use this decomposition to 
get structure theorems for spaces of polytopes. We define a fan supported on 
VV-H C M.^ satisfying the following conditions: Polytopes associated to elements 
in the relative interior of the same cone of this fan are strictly combinatorially 
isomorphic. Moreover, Vn is the union of some of the maximal cones in this 
fan. 



1.3 Polytope MMP 

Let {X, L) be a polarized Q-factorial toric variety, where L is an ample Q- 
divisor on X. Let P := Pl be the polytope associated to L. For each s > 
we define P*^'*-' as the set of those points in P whose lattice distance to every 
facet of P is at least s. These polytopes are called adjoint polytopes in |27] . 
Let cr(P) := sup{s e M>o | P^'^ ^ 0}. The polytope p('^(^)) is called the core 
of P. When we increase s from to (^{P), P*-^-' will change its combinatorial 
type at some critical values. The first one is 

Ai sup{s G M>o I P and P^'*' have the same normal fan} = 

~ sup{s G M>o I L + sKx is nef} 

the nef value of P. 

Our aim is to describe the family of polytopes P*^*-* for values of s between 



and cr(P). We will prove the following result. See Definition 4.2.6 for the 
precise notion of a general polytope. 

Theorem. Let {X, L) be a polarized n-dimensional Q-factorial toric variety 
associated to a "general" rational polytope P C M" . Then there exist sequences 

= Ao < Ai < ... < Afe = a(P), X = X^ X^ --^ ... -^-^ Xk+i 
of rational numbers and rational maps, such that: 

1. For i G {1, k — 1}, fi is either a divisorial contraction or a flip. 

2. For \i < s,t < Aj+i, P(") and p(*) are n-dimensional simple polytopes 
with the same normal fan. 

3. At s = Ai, one of the following occurs. 

(a) Either p(-^») is simple and p(-^») has one less facet than pf-*^'-!) (equiv- 
alently, fi is a divisorial contraction), or 

(b) p('*'») is not simple and P'^^'-^ has the same number of facets as p('^»-i) 
(equivalently, fi is a flip). 
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(c) For each i E {1, fc}, denote by the dimension of the locus where 
fi is not an isomorphism. Then, for Ai < s < A^+i, the polytope P^**^ 
has exactly one more Wi-dimensional face than p(^i+^\ and this face 
is a Cayley-Mori polytope. 

4. For Afe_i < s < A/j = o'(P), F^*' is a Cayley-Mori polytope, (equiva- 
lently fk is a Mori fiber space, and Xfe+i is the toric variety associated to 

5. Let K{P) be the linear space parallel to Af f{Core{P)) and consider the 
natural projection ttp : M" K" /K{P) associated to P. The toric variety 
associated to the polytope Q :— vrp(P) is the closure of the general fiber 
of the rational map f '■= fk ° ■■■ ° fi ■ X --^ X^+i- 

Moreover, if P^-^*) is simple then X^+i is the toric variety associated to it. 
Otherwise, if P^-^') is not simple, the toric variety associated to P^-^') is the 
image of the small contraction corresponding to the flip fi and X^+i is associated 
to P(*) for Ai < s < Ai+i. 

1.4 2-Fano Toric Varieties 

A Q-factorial projective variety X is said to be Fano if has ample anti-canonical 
divisor. One important aspect of Fano varieties is that they appear in the MMP 
as fibers of Mori fiber spaces. In addition to their role in the MMP, Fano vari- 
eties are important for their own sake, and have been very much studied. Fano 
varieties are quite rare. It was proved by Kollar, Miyaoka and Mori that, for 
a fixed dimension, there exist only finitely many smooth Fano varieties up to 
deformation (see [TS], [H]). Further, in the toric case, there exist only finitely 
many isomorphism classes of them. 

A smooth Fano variety X is said to be 2-Fano if its second Chern character 
is positive (i.e., c/i2(Px) ■ S" > for every surface S C X). These varieties were 
introduced by de Jong and Starr in [3] and [2] in connection with rationally 
simply connected varieties, which in turn are linked with the problem of finding 
rational sections for fibrations over surfaces. 2-Fano varieties are even more 
scarce than Fano varieties. Few examples of 2-Fano varieties are known. First 
de Jong and Starr gave some examples in then in [B] Araujo and Castravet 
found some more examples. Among all known examples, the only smooth toric 
2-Fano varieties are projective spaces. So, it is natural to pose the following 
question: 

Question 1: Is P" the only n-dimensional smooth projective toric 2-Fano 
variety? 

In [12] we have answered this question positively when n < 4 by using the 
classification of toric Fano 4-folds given by Batyrev. Then, we used a database 
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provided by 0bro to answered the question positively in dimension 5 and 6. 
In order to approach this question in the general case, we investigate what 
happens with the second Chern character when we run the Minimal Model 
Program. Since in the toric case the MMP ends with a Mori fiber space, we 
start investigating the second Chern character of a Mori fiber space. 

Since Mori fiber spaces are associated to Cayley-Mori polytopes, we study 
combinatorial proprieties of these polytopes, and translate them into geometric 
proprieties about Mori fiber spaces. We will show that is possible to find a bira- 
tional model X' of X with structure of Mori fiber space, such that the general 
fibers are projective spaces. Then, we will show that such a variety X' cannot 
be 2-Fano. In particular, we will show that if X is a smooth toric variety which 
is a Mori fiber space then X cannot be a 2-Fano variety. As a corollary, the only 
n-dimensional smooth projective toric 2-Fano variety with Picard number < 2 
is P". On the other hand, if we allow singularities on X, we can give examples 
of Mori fiber spaces with Picard number 2 that are 2-Fano. We also prove that 
a 2-Fano toric variety cannot admit certain types of divisorial contractions. 

This thesis is structured as follows. In Chapter 2 we give an overview of 
general theory for toric varieties and Mori theory for toric varieties. We warn 
that this review is rather concise. For more details we indicate [TD], [31] and 

m- 

In Chapter 3 we introduce the class of Cayley-Mori polytopes. We give a 
combinatorial description for these polytopes and prove that they are associated 
to Mori fiber spaces. 

In Chapter 4 we present spaces of polytopes and give structure theorems on 
this space. Next, we define an operation on polytopes and relate this with the 
MMP with scahng. 

In Chapter 5 we approach the problem of classification of Fano varieties 
having positive second Chern character. These varieties are called 2-Fano. We 
provide a classification of toric 2-Fano varieties in low dimension. We describe a 
strategy to classify these varieties in arbitrary dimension and give some partial 
results. We finalize this work in Chapter 6 giving the Maple code used in 
Chapter 5 to compute the second Chern character of a smooth projective toric 
variety. 
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Chapter 2 



Preliminaries on Toric 
Varieties 



2.1 Constructing Toric Varieties 

Throughout this thesis, a variety means an algebraic integral separated scheme 
of finite type over C. A subvariety of a variety is a closed subscheme which is a 
variety, and by a point on a variety we mean a closed point. 

In this chapter we will give an overview of basic facts about toric varieties. 
The definitions and statements of the theorems can be found in HD] and [51] . 
unless otherwise noted. 

Definition 2.1.1. A toric variety is a normal variety X containing an algebraic 
torus T ~ (C*)" as an open dense subset, together with an action T x X — > X 
extending the natural action of T on itself. 

There is a combinatorial way to obtain toric varieties. Let iV ~ Z" be a 
lattice and M := Hom^{N, Z) ~ Z" its dual lattice. Set A^r := N ®z K. Given 
u M and v Cz N we denote u{v) by {u,v). Each element u = (wi,...,u„) € 
M defines a character of the torus denoted by x" •= ' •■■ ' ^n"^ G ^[2^] = 



Definition 2.1.2. A convex rational polyhedral cone in Ar is a set of the form: 



for some finite collection of elements {vi, Vk} (1 N. If a contains no line we 
say that it is strongly convex. We will call it a "cone " for short. 



Let a C Ar be a cone of dimension n and consider the dual cone of cr given 
by cr"^ := {u G Mr M(g>zR\ {u, v) > for all v € a}. 



k[x'' 



.±1 

1 ! 
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The semigroup S„ := a'^ n M is finitely generated. Then C[Sa] = 

C[x"] iigs„ is a finitely generated C-algebra defining the affine toric variety Ua ■= 
Spec{Acr) of dimension n. Recall that a fan S C Nr ~ K" is a finite collection 
of rational polyhedral strongly convex cones a C iVjj such that: 

1. If a and r belong to E then cr H r is a face of a and r; 

2. If cr e S and t is a face of a then t e S. 

The set of the m-dimensional cones of E will be denoted by E(m). A cone 
T € S(n — 1) is called a wall when it is the intersection of two n-dimensional 
cones of E. 

If E C Nr is a fan then the affine toric varieties Ua for ct e E glue together 
to a toric variety X-^. 

A collection E of convex cones is called a degenerate fan if it satisfies the two 
conditions above and there is a nontrivial rational linear subspace U C A'k such 
that, for every cone ct £ E, we have a n —a = U. In this case, E/J7 defines a fan 
with respect to the quotient lattice N/ [U n N) whose associated toric variety is 
also denoted by X^.- It is a classical result that every toric variety is obtained 
from a fan (see for instance [TUl Corollary 3.1.8]). 

There is a one to one correspondence between the points of an affine toric 
variety Ua and the semigroup homomorphisms : 5o- — > C. For each cone a we 
have a distinguished point Xa G Ua that corresponds to the following semigroup 
homomorphism 

^ ^ ^ ^ f 1 if TO e 5cr n cr-'- 

[0 otherwise. 

Let X^ be the toric variety associated to a fan E C Ar. The distinguished 
points of Xy, determine Tjy-invariant subvarieties of As . We have the following 
correspondence (The Orbit-Cone Correspondence, see for instance pi)j, 3.2.6]): 

1. There is a bijective correspondence 

{cr e E} < — > {TAT-orbits in As}. 

cr i > Oa ■= Tn ■ Xa 

2. Let n =dim A'k. Then dim Oa ~ n— dim a. 

3. Ua^U Or. 

T-<cr 

A. T ^ a -i^ Oa ^ Or, and V{a) := Oa = |_J O-y, where Oa denotes the 

closure in both the classical and Zariski topologies. 

The T-invariant subvariety ^(cr) of As has the structure of a toric variety 
given by the following fan: 
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Consider the sublattice N„ := span{a)nN of and let N{a) = N/N„. The 
coUection of cones Star{a) :— {f C iV(cr)M | cr ^ t G S} is a fan, where f is the 
image of r S S in N{a), and Xstar{a),N{a) - V{a). 

Let E and S' be fans with respect to lattices N and N' respectively. Consider 
a lattice homomorphism ^ : N N' . We say that $ is compatible with S and 
S' or, S and S' are compatible with if for each cone cr e E there exists a 
cone cr' e E' with ^kIc) C it'. In this case, $ induces an equivariant morphism 
(j) : X-^ X^/. Moreover, this is a toric morphism. This means that 4> maps the 
torus Tm of X^ on the torus T/v' of X-^i and (j) \tn is a group homomorphism. 
In fact, every toric morphism arises in this way. 

We recall an important result involving distinguished points and toric mor- 
phisms (see for instance [101 3.3.21]). 

Proposition 2.1.3. Let (j) : — )• X^i he a toric morphism induced by a map 
^ : N ^ N' that is compatible with E and E'. Given ct G E, let a' be the 
minimal cone o/ E' such that <1'r((t) C a' . Then: 

1. (j){Xcr) = Xcr'- 

2. (j){0„) C O^, and 0(F(cr)) C V{a'). 

3. The induced map (j) \v(ay- '^W) ^ ^("'O toric morphism. 

There are deep connections between toric varieties and polytopes. We can 
construct toric varieties from rational polytopes. Recall that a set P C Mr is a 
rational polytope if P is a convex hull of a finite set S C Mq. When S C M we 
call P a lattice polytope. When P is full dimensional we can write a polytope 
P, in a minimal way, as intersection of finitely many closed half spaces 



where up & TV is a primitive vector normal to the facet F and ap & Q- This 
is called a facet presentation of P. When P is full dimensional, it has a unique 
facet presentation. Note that if P is a lattice polytope then ap gZ. Each face 
Q of P defines a cone ag := Cone(uF)Q^F C A^ia. The collection of these cones 
forms a fan (also known as the normal fan of P) Ep and then we get a toric 
variety Xp associated to P. When P is not a full dimensional polytope we set 
Xp to be the toric variety associated to R := Aff{P) n P with respect to the 
lattice Aff{P) n M, where Aff{P) denotes the smallest affine space contain- 
ing P. In this case, Ep will denote the degenerate fan each of whose cones is 
generated by a cone of Ep and the linear space span{P)^ . 

A fan encodes many algebraic proprieties of the variety associated to it. Let 
E C A'r be a fan. The support of E is |E| = I J We say that E is complete 



if |E| = A'r. a cone cr G E is smooth (resp. simplicial) if its minimal generators 
form part of a Z-basis of A^ (resp. M-basis of A'r). We say that E is smooth 



P := m G A/r {m,up) > —ap, for all facets F ^ P 




ctGE 
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(resp. simplicial) if every cone of S is smooth (resp. simplicial) . We say that a 
polytope P is smooth (resp. simpHcial) if the same holds for Ep. 

Next proposition is a standard result for toric varieties. For the proof see 
for instance ^ 3.1.19 and 4.2.7]. 

Proposition 2.1.4. The toric variety X^: is smooth, complete or Q-factorial if 
and only if T, is, respectively, smooth, complete or simplicial. 

A polytope P will be called smooth (resp. simple) if Ep is smooth (resp. 
simplicial). Note that if P C Mr is a rational polytope then for every k ^ Q 
and V e Mq, the poytopes P, kP and P + v define the same fan. For this reason, 
we will frequently suppose that P is a lattice polytope. 

Given a fan E C A^r, a fan E' in refines E if |E'| = |E| and every cone 
of E' is contained in a cone of E. In this case, the identity map on N induces a 
toric birational morphism cf) : Xs' ^ Xs- 

There is a special type of refinement called star subdivision which we describe 
below. 

Given a fan E C Nr and a nonzero primitive element w G |E| n N, let E(w) 
be the set of the following cones: 

• cr, where w ^ cr S E. 

• cone(r, v), where t; ^ t G E and {v} U r C c G E. 

The collection E(i;) is a fan which refines E, called by star subdivision of E at v. 
When E is smooth and there is a maximal cone a = Cone(ui, ...,?;„) G E such 
that V ~ vi + ... + Vn, the refinement E(w) induces a morphism A"j](^) — > X^: 
that corresponds the blow up of ATs at the point V{a). For details we refer to 
[101 §11-1] and [13]. 

2.2 Toric Varieties and Divisors 

Let E be a fan in Ar. We denote by E(l) := {vi, Vr} the set of all minimal 
generators of E. Given cr G E we set ct(1) := cr nE(l). By the orbit-cone 
correspondence Di :— V (vi) is a, T- invariant subvariety of Xy: of codimension 1. 
Hence is an invariant prime divisor on . By abuse of notation, we often 
write i G E(l) meaning Vi G E(l). 

For TO G M, the character x™ is a rational function on X^. We have the 
following nice description of its divisor. 

Proposition 2.2.1. div{x"^) = {m,Vi)Di for every to G M. 

"i6S(l) 

Definition 2.2.2. A Weil divisor D :~ OiDi on the toric variety X^, is 
said to be T -invariant (or simply invariant) if every prime divisor Di such that 
Ui is invariant under the action of the torus. This happens exactly when 
Di = V{vi) with Vi G E(l). 
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Proposition 2.2.3. Let X := be a toric variety of dimension n. Then the 
Chow group Ak{X) of Xy: is generated by the classes of k-dimensional invariant 
subvarieties. In other words, Ak{X) is generated by [V{a)] as a ranges over the 
{n— k)- dimensional cones from Yi. In particular, the setT-Div{X-^) of invariant 
divisors by the torus action generate the class group Cl(Xj]). 

Now, we will describe intersection products between invariant divisors and 
invariant varieties (see for instance [Ml Section 5.1]). 

Proposition 2.2.4. Let be a toric variety, D = OiDi an invariant 

ies(i) 

Cartier divisor on and V{a) a k-dimensional subvariety of X^: that is not 
contained in the support of D. Then D ■ V{a) = b^V{'j), where the sum is 
over all (fc + 1) -dimensional cones 7 G S containing a , and b^ is obtained in the 
following way: 

Let Vi G S(l) be any primitive ray of ^ that is not a primitive ray of a. Let 
e be the generator of the one- dimensional lattice N^/Nn such that the image of 

Vi in Nj/N„ is Si ■ e, with Si a positive integer. Then b^ = —. 

Si 

Remark 2.2.5. When Xj: is smooth, Di is a Cartier divisor for every i € S(l) 
and we have: 

^ T/f ) — / ^('^^ span a cone 7 of E 

* 1 if and a do not span a cone of E . 

The following proposition gives a criterion for a Weil invariant divisor to be 
a Cartier invariant divisor. 

Proposition 2.2.6. Let a Cz be a cone and D a Weil invariant divisor on 
Xy: ■ Then: 

1. D\u^ is a T -invariant Cartier divisor on Ua 4=^ there exists u d M such 
that D\u, ^ divix"")- 

2. Pic{U„) = 0. 

3. D :— flj-Di is Cartier D is principal on the affine open subset Ua 

i),es(i) 

for all a <^ for each tr £ E, there is G M such that {u„,Vi) = 
V V, e a{\). 

Let Xp be the toric variety of a full dimensional rational polytope P C -Mr. 
The polytope P has a facet presentation 



P := m e Mr 



{m,up) > —ap^ioT all facets F -< p|. 



The fan Ep tells us the facet normal up but it does not give any information 
about the numbers ap. In fact, we have already noted that P and kP give the 
same fan for all k G Q. We define a special Q-divisor Dp := ^apDp on Xp, 
where Dp = V{up). 
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Proposition 2.2.7. If P C Mm is a full dimensional rational polytope, then 
Dp is an ample Q-Cartier invariant divisor on Xp. 

A divisor D e T-Div{X^) on the toric variety defines a slieaf Oxs{D)- 
We give a description of tlic global sections T{Xs,Oxs{D))- 

Proposition 2.2.8. If D e T-Div{Xy,) then 

nx^,OxAD))^ c-x". 

rfTO(x") + D>0 

Definition 2.2.9. Let X^: be a toric variety and let D :— aiDi he an 

■uies(i) 

invariant Weil divisor on Xy^ . We define a polyhedron associated to D as 



Pd 

Note that 



|m G A/r {m,Vi) > ~ai for all Vi G 



T{X^,OxAD))^ X™. 

When S is a complete fan, is a polytope. Furthermore, if D is an ample 
Q-divisor on X^: then the toric variety associated to Pjj is isomorphic to X-^ 
and Dpj-, = D. In other words, a full dimensional rational polytope P C Mr 
defines a polarized toric variety, that is, a pair {Xp,Dp) where Dp is an ample 
invariant Q-divisor on Xp. Conversely, a pair {X^,D) where D is an ample 
invariant Q-divisor on Xs , defines a rational polytope Pjj . These constructions 
are inverses to each other. In particular, a toric variety is projective if and only 
if it is the variety associated to a full dimensional rational polytope. 



Remark 2.2.10. It follows from Propositions |2.2.l| and |2.2.8| that if D = D' + 

div{x™') for some m€ M then Pd — Pd' +m, and conversely. In particular, D 
is linearly equivalent to an effective divisor if and only if Po ^ 0. 

Definition 2.2.11. Let P C A/r and P' C he full dimensional rational 
polytopes. We say that P and P' are isomorphic if there exists an isomorphism 
between the corresponding polarized toric varieties {Xp,Dp) and (Xpi, Dpi). 
Equivalently, if there is a bijective afflne transformation p : M-g. — >■ induced 
by a bijective affine transformation on the lattices, satisfying p{P) = P' . 

2.3 Mori Theory for Toric Varieties 
2.3.1 Definitions and Standard Results 

Definition 2.3.1. Let X be a complete variety and D a Cartier divisor on X . 
We say that D is nef (numerically effective) if D ■ C ^ for every irreducible 
complete curve C . 
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Proposition 2.3.2. Let X be a complete toric variety and D a Cartier divisor 
on X . The following are equivalent: 

1. D is nef 

2. Ox{D) is generated by global sections. 

3. D ■ C ^ for every invariant irreducible curve C G X . 

The theorem below is a well known criterion of ampleness for a Cartier 
divisor. We will enunciate it in the toric case. 

Theorem 2.3.3. (Toric Kleiman Criterion). Let D be a Cartier Divisor on 
a complete toric variety Xy, . Then D is ample if and only if D ■ C > for 
every invariant curve C C Xy^, that is, D ■ V{a) > for every cone ct G E o/ 
dimension equal to (ranfc(I]) — 1). 

Definition 2.3.4. Let X be a normal variety, D and F be Cartier divisors on 
X. We say that D and F are numerically equivalent, and we write D = F, if 
D ■ C — F ■ C for every irreducible complete curve C C X . 

Proposition 2.3.5. ^lO, 6.3.15] For complete toric varieties numerical equiv- 
alence and linear equivalence coincide. 

We also have a numerical equivalence on curves. 

Definition 2.3.6. Let X be a toric variety and denote by Zi{X) the free abelian 
group generated by irreducible complete curves contained in X. Given C and 
C cycles in Zi{X), we say that C and C are numerically equivalent, written 
C = C , if D ■ C ~ D ■ C for every Cartier divisor D on X. 

Definition 2.3.7. For a toric variety X we define the vector spaces N^(X) := 
{CDiv{X)/ =) ®z M = Pic{X)K and Ni{X) := {Zi(X)/ =) ®z K- 

The linear map 

N^{X) X Ni{X) M 

induced by the intersection product makes Ni{X) and N^{X) dual vector spaces 
to each other. 

In N^{X) and Ni{X) there are some important cones for Mori theory. 

Definition/Proposition 2.3.8. Let X be an n-dimensional complete toric 
variety. 

1. The effective cone Eff{X) of X is the cone in Cl{X) ® M generated by 
effective divisors. Equivalently, by Remark \2.2.1C\ the effective cone is 
generated by the divisors D such that Pd is not empty. 

2. When X is ^-factorial, Eff{X) C N^{X) and the interior ofEff{X) is 
the big cone Big{X) (see 126, 2.2.26]). 
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3. The nef cone Nef{X) of X is the cone in N^{X) generated by nef Cartier 
divisors. 



4- The interior of Nef {X) is the ample cone Amp{X) (see 2.3.3). Equiv 



5. 



alently, the ample cone of X is generated by the Cartier divisors D such 
that the toric variety associated to Pjj is isomorphic to X. 

The Mori cone NE{X) of X is the cone in Ni{X) dual to Nef{X). Equiv- 
alently, it is the cone generated by irreducible complete curves. 



All these cones are strongly convex polyhedral cones. 

Now we state a toric version of one of the first results in the Mori theory. 

Theorem 2.3.9. (Toric Cone Theorem) J 10, 6.3.20] Let X := X^ be a complete 
toric variety of dimension n. Then 

NE{x) = ^>o[y{^)]- 

TeS(n-l) 



Proposition 2.3.10. (See for instance \1(A 6.4-1]) Let be a simplicial fan 
and X X^. Then there is an exact sequence: 



Ni{X) 



«iGE(l) 

e,; 



where r := \T,{\)\, and ei, is the standard basis for . 



Proposition 2.3.10 says that Ni{X) can be interpreted as the space of linear 
relations among the v[s. 

Now, consider a projective Q-factorial toric variety X. Let Z2{X) and Z'^iX) 
be the free Z-modulo of 2-cycles and 2-cocycles respectively on X. We define 
the vector space X2{X) := (Zi(X)l =) ®% M, where " = " denotes numerical 
equivalence on Zi{X): A 2-cycle S G Zi{X) is numerically equivalent to if 
E ■ S = for every 2-cocycle E e N'^{X). The cone of effective 2-cycles is 
defined as: 



NE. 



aiSi 



e N2{X) 



flj > 



where the S^s are irreducible surfaces in X. 

Proposition |5.1.5| gives a version of the "Toric Cone Theorem" for the cone 
of effective 2-cycles. 
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2.3.2 Description of Contractions of Extremal Rays 



Throughout this section we will suppose that X :— is a projective Q-factorial 
n-dimensional toric variety. 

Now we discuss the connection between the faces of the nef cone and fiber 
spaces. We recall that if X is projective then a fiber space is a morphism 
f : X ^ Y onto a normal variety with connected fibers. From the Stein fac- 
torization theorem [25j 11.5] it follows that a fiber space is determined by the 
irreducible complete curves that are contracted by /. 

Let D be a nef divisor on X. By replacing it with a linearly equivalent 
divisor if necessary, we may suppose that D is effective. Denote by the fan 
defined by the polytope Pd and Xj:^ the toric variety defined by Ed. From 
[ini 6.2.5] it follows that E is a refinement of E^j. Then we have a morphism 
fo'X^ Xy.^ such that D = f* (A) for some ample divisor A on X^^ . This 
means that an irreducible complete curve C € X is contracted to a point by 
fn if and only if _D • C = 0. Therefore, C is contracted by Jd if and only 
if the class [C] belongs to the face of the Mori cone defined by NE(X) n D-^. 
From the duality of the nef cone and the Mori cone, we conclude that fo only 
depends on the face r -< Nef{X) which contains D in its interior. Moreover, 
T = f'^{Nef{XY^)). On the other hand, if g : X Y is a fiber space with Y 
projective, then, up to isomorphism, g — ff*A for any ample divisor A on Y. 

We summarize our discussion in the following theorem. 



Theorem 2.3.11. (Toric Contraction Theorem) There is a bijective correspon- 
dence between the faces r of the nef cone Nef{X) and the fiber spaces f : X ^ Y 
with Y projective, given by t ~ f*{Nef(Y)). Conversely, the irreducible com- 
plete curves contracted by f are the curves in r^. Each such fiber space is a 
toric morphism. 

Let r be a facet of Nef{X) and / : X — > F be the corresponding fiber space. 
Then an irreducible complete curve C d X is contracted by / if and only if the 



class [C] belongs the 1-dimensional face NE(X)nr-'- of the Mori cone. By 2.3.9 
this face is of the form M>oV^(cr) for some cone a e E(n — 1). In this case, we 
say that / is a contraction of a ray of NE(X) or simply an extremal contraction. 

Given a contraction f^-.X-^Yoia, ray R C NE(X) we will describe how 
to obtain the fan of the variety Y . We give an overview of the results in [231 [IT]. 



Let be an invariant curve which generates the ray R. Then we can 

write the wall W :— cone(wi, as intersection of two maximal cones: 
cone(z)i, w„) and cone(ui, ...,«„_!, w„+i). Since Ex is a simplicial fan 
there are uniquely determined rational numbers ai,...,a„ such that Vn+i = 
—oiVi — ... — a^Vn- Reordering the vectors v[s if necessary we may suppose 
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that: 



a ,; < = 



with 0<a</?<n-l. 



< for 1 < i < a, 

for a + 1 < i < /3, 
>0 ioT (3 + 1 <i <n 



For each j e {l,...,n + 1}, set Ej := cone{vi, ...,Vj, ...,Vn+i) and Svf := 
cone(ui, ...,Vn+i)- One can show that T.w = U^^^Sj = UjlJ^^^^Sj. 

The fan Sy is determined by the coUection of maximal cones formed by the 
maximal cones of Ex which contain no wall W G Ex with [l^(W^)] € R and the 
cones T,^r for every wall W S Ex such that [V^(VF)] £ R. This fan is degenerate 
if and only if a = 0. 



Proposition 2.3.12. Let fji: X be the contraction of a ray R of the Mori 

cone NE{X). Denote by Exc{fji) the exceptional locus of fn. This morphism is 
classified into one of the following three types: 

1. Contraction of Fibering Type (or Mori Fiber Space): dim Y < dim X. 
In this case, we have 

a = 0, 

/3 = dim Y. 

The variety Y is Q-factorial (equivalently the non degenerate fan corre- 
sponding to TiY is simplicial) . 

2. Divisorial Contraction: The morphism fj^ is birational and codim {Exc{fR)) — 
a ~ I. In this case Y is Q-factorial and Exc{fii) is the prime T -invariant 
divisor V{vi). 

3. Contraction of Flipping type (or small contraction): The morphism fn is 
birational and codim Exc{fji) = a > 2. In this case Y is necessarily non 
Q-factorial. The exceptional locus is the irreducible T -invariant variety 
V{cone{vi, ...,«„)). 

In all cases, Y is projective, the exceptional locus is an invariant irre- 
ducible variety and fn restricted to Exclfn) is a flat equivariant mor- 
phism. There exists a toric Q-factorial Fano variety G with Picard number 
one such that {fRy^{p)red ^ G for every p e fR{Exc{fji)). 

Remark 2.3.13. When fj^-.X^Yisa. contraction of fibering type, that is, 
a = 0, we can use the linear relation Vn+i ~ —aiV\ — ... — a„u„ and Proposition 
|2.2.4| to show that —Kx is /_R-ample, that is, —Kx ■ R> 0. 

Proposition 2.3.14. If fa : X ^ Y is a contraction of flipping type, then 
there exists a birational morphism f^ : X^ — > Y called the flip of fa such that: 
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1. is projective and Q-factorial. 

2. is also a contraction of flipping type. 

3. X and X^ are isomorphic in codimension 1 and so we have an iso- 
morphism N^(X) = N^{X'^) defined by taking strict transforms of di- 
visors. Hence, this induces an isomorphism between their dual spaces 
N,{X)-N,iX+). 

4- Ir th^ contraction of the extremal ray —R of NE{X^), where —R is 
the image of R by the isomorphism Ni{X) ^ Ni{X^). 

5. The divisor ~Kx is fn-ample if and only if Kx+ is f^-ample. 

The maximal cones of the fan T,x+ are: 

Sx+W ■.^^xin)\{^w I [V{W)]eR}U{i:j I [V{W)]eR,j = l,...,a}. 

2.4 MMP for Toric Varieties 

Let X be a projective Q-factorial variety with kit singularities. The aim of the 
Minimal Model Program (MMP for short) is to run a succession of divisorial 
contractions and flips on X in order to achieve a variety X' that is birationally 
equivalent to X satisfying one of the following: 

1. Kx' is nef, or 

2. X' admits a structure of Mori fiber space (i.e., there exists an extremal 
contraction f : X' ^ Y such that —Kx' is /-ample). 

In the toric case, we do not need require any condition on singularities since 
every projective Q-factorial toric variety is kit. 

2.4.1. Now, we recall the steps of the MMP in the toric case. We start with a 
projective Q-factorial toric variety X. If Kx is not nef, then there is an extremal 
ray R of the Mori cone of X such that Kx ■ R < 0. We consider the contraction 
fniX^Yoi the ray R. If fj^ is a Mori fiber space, then we stop. If f^ is a 
divisorial contraction we replace X hy Y and repeat the process. Finaly, if fn 
is a small contraction we replace X by X~^ and repeat the process. 

For toric varieties it was proved in |23j that this process stops. Since a 
projective toric variety is birationally equivalent to P" its canonical class can 
never be made nef, so the MMP for projective toric varieties always ends with 
a Mori fiber space. 

2.5 MMP with scaling 

In the general case termination of flips is still an open problem for dimension 
bigger than three. However, an instance of the MMP, called MMP with scaling, 
was proved in [8] for arbitrary dimension. 
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Next, we recall the steps of the MMP with scaling, established in [5]. See 
also [3 3.8]. 



2.5.1. We start with a polarized toric variety {X, L), where X is projective, Q- 
factorial. Here L is an ample Q-divisor on X. Since X is a Q-factorial projective 
toric variety, X is kit (see 14.3.2]). Moreover, —Kx is equal to Di 

i6S(l) 

and therefore this divisor is always big (see for instance [lOl 8.2.3]). 

Given a big M-divisor E on X set a{E) sup{s € M>o ] [E + sKx] £ 
Eff{X)}. When E is a Q-divisor the number (t{E) is rational (see for instance 
[3 5.2]. In addition, we consider the nef threshold 

X{E,X) := sup|s e M>o [E + sKx] G Nef{X)^ < a{E). 

This is defined provided that [E + sKx] is nef for some s > 0. Moreover, if E 
is a Q-divisor, then by the Rationality Theorem X{E,X) is a rational number 
(see for instance [151 1-5.5]). Note that X{E,X) = o-{E) if and only if the class 
[E + X{E, X)Kx] is not big. 

Set (Xi,Li) = (X,L), Ai = X{L,X) and a = cr(L). We will define in- 
ductively a finite sequence of pairs {Xi,Li), I < i < k and rational numbers 
< Ai < ... < Afe = (7 such that the following holds. 

• For each < i < k, the variety Xi will be projective, Q-factorial. 

• There are birational maps (pi : X Xi which are compositions of divi- 
sorial contractions and flips. 

• L, = {Lpi)^L and [L, -f X^Kx^ G dNef{X{). 

Suppose we have constructed [Xi, Li) and A;. Since [Li + XiKxi] G dNef{Xi), 
there exists an extremal ray Ri C NE{Xi) such that {Li + XiKxi) ■ Ri = and 
Kx,■R^<0. 

Let f : Xi ^ Y he the contraction of Ri. 
As in 2.3.12 we have three possibilities: 

1. If dim Y < dim Xi then A^ = cr, F is Q-factorial, and / is a Mori fiber 
space. In this case we stop. 

2. If / : — > y is a divisorial contraction, then Y is Q-factorial. We set 
Xi+i = Y, tpi+i ^ f o ipi : X Xi+i, and i^+i = f^Li = {^pi+ij^L. 
Notice that 

L, + X,Kx, = /*(i»+i + X,Kx,^,). 
This implies that -I- XiKx^^^ is nef since so is Li + XiKx^- Thus 

Xi < Xi+i :— A(Lj+i,Xi+i) < a. 
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3. If / : — 7> y is a small contraction, then Y is not Q-factorial. (In fact, 
Ky is not a Q-Cartier divisor. Otherwise, = f *{KY) and therefore 
■ Ri = 0) . Consider the flip diagram: 




where -0 is the associated flip, Xj is Q-factorial and /+ is the contraction 
of a i4rj^+ -positive extremal ray of NE{X^). We set X^+i = , tpi+i = 
ipoifi: X Xi+i and Li+i = ^^L^ = {ipi+i)^.L. Since (Li + XiKxi) ■ Ri = 0, 
there exists a Q-Cartier Q-divisor Dy on Y such that Li + XiKxi = }*Dy- 
Then L^+i -I- AiiiTjc^^^ = {f^TDy- By hypothesis + XiKxi is nef. Thus Dy 
is nef and so is Li+i + A^i^x^^^. Therefore 

Ai < Ai+i := A(Lj_|_i, < a. 

Remark 2.5.2. If [Li + XiKx^] is in the relative interior of a facet of Nef{Xi), 
then there is only one extremal ray i?j satisfying {Li+XiKxi)-Ri = 0. Moreover, 
f : Xi Y is the morphism associated to the complete linear system | m{Li + 
XiKxi) I for m sufflciently large and divisible. 



2.6 GKZ Decomposition 

In this section we describe the GKZ decomposition for a complete toric variety, 
and we recall some of its properties. We refer to [19j and [2lj for details. 

Let X = Xy. be a complete toric variety and Z^i, ...,Dr be the T-invariant 
prime divisors. Consider a possibly degenerate complete fan A and / a subset 
of — {vi, Vr} such that: 

1. Every cone of A is generated by rays in \ /. 

2. Xa is projective. 

There is a rational map / : X X/^ induced by the natural projection 
TT : N ^ N/W n N, where W is the maximal linear space contained in every 

r 

cone of A. Since A is complete, / is defined on the toric variety = [J U(^y.y 

1=1 

The codimension of the complement of U in X is at least 2. Therefore we have 
a pull-back map /* which takes Q-Cartier divisors on Xa to Q-Weil divisors on 
X. 

Let A be an invariant nef Q-Cartier divisor on X^ and A — (Ai)i £ K>o- 
There is an injective linear map 
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$A,/: A^e/(XA) X M^'l ^ C1(X)k 

Ax A ^ r(A) + ^A,A. 

The image of this map is a cone denoted by GKZ{A, I). 
Let S be the set of such pairs (A, 7). 

The set GKZ{X) := {GKZ{A,I) \ (A,/) G 5} is a fan supported on the 
effective cone Eff{X) of X satisfying the following proprieties: 

1. The cone GKZ(A, I) is a maximal cone in GKZ{X) if and only if A is 
non degenerate and simplicial, and / — S(l) \ A(l). Thus, each maximal 
cone GKZ{A,I) of GKZ{X) determines a unique variety X^. 

2. The cone GKZ{A' , I') is a face of GKZ{A, I) if and only if A refines A' 
and I' is contained in I. 

3. If [D] and [D'] belong to the relative interior of the cone GKZ{A, I), then 
the toric varieties associated to D and D' , that is, the varieties corre- 
sponding to Pd and Pd' , are isomorphic. 

r 

4. If D = QiDi is an effective Q-divisor on X, then [D] lies in the interior 

i=l 

of the cone GKZ{A, I) if and only if the normal fan A^ of Pd is equal 
to A and I = {vi \ {u, Vi) > —at for every u e Pd}- 

The next proposition describes the walls of the fan GKZ{X). 

Proposition 2.6.1. Let X = he a complete toric variety. Suppose that 
GKZ{A,I) is a maximal cone in GKZ{X). Then: 

1. If f : X^ — > X^i is a divisorial contraction with exceptional divisor corre- 
sponding to the primitive vector v S A(l) then the cone GK Z {A' , I U {v}) 
is a maximal cone in GKZ{X) which intersects GKZ{A, I) along the wall 
GKZ{A',I). 

2. Suppose V ^ I, and let A{v) he the fan ohtained by star subdivision of A. 
Then GKZ{A{v),I\{v}) is a maximal cone in GKZ{X) which intersects 
GKZ{A, I) along the wall GKZ{A, I\{v}). 

3. If f : X^ — >• is a small contraction and /+ : X^+ — >• Xa' is the 
associated flip, then GKZ(A^,I) is a maximal cone in GKZ(X) whose 
intersection with GKZ[A,I) is the wall GKZ{A',I). 

4- If f : Xa Xa' is a contraction of fibering type, then GKZ{A',I) is an 
exterior wall of GKZ{X). 
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Moreover, every interior wall in GKZ{X) arises as in 1,2 or 3, and every ex- 
terior wall appears as in 4- 



Proof. This result was proved in |21j . For the reader's convenience we give 



the proof here. First of all, note that by Theorem 2.3.11 a cone GKZ{A', /') is 



a facet of GKZ{A,I) if and only if one of the following conditions holds: 

1. A = A' and |/\/'| = 1. 

2. I — I' and there is a contraction — > X^i of a ray of NE(Xa). 

If / : — > X/^t is a divisorial contraction then, as described in Section 
|2.3.2[ is a Q-factorial projective variety and v is the only primitive vector 
in A(l)\ A'(l). Thus, GKZ{A',lU{v}) is a maximal cone in GKZ{X), which 
intersects GKZ{A,I) along the wall GKZ{A',I). 

The second claim follows from the first one since we have the divisorial 
contraction Xa(u) X^ and the cone GKZ{A{v), I \ {v}) is maximal. 

To prove 3., note that the cone GKZ{A'^ , I) is maximal in GKZ{X) since 
Xa+ is a Q-factorial projective variety isomorphic to X/^ in codimension one. 
So, the inclusion GKZ{A', I) C GKZ{A, I)nGKZ{A+,I) has to be an equality. 

Finally suppose that / : Xa — > Xa' is a contraction of fibering type. Assume 
that there is a maximal cone GKZ(A" , I") which intersect GKZ{A, I) along 
the wall GKZ{A',I). We must have /" /. Otherwise, A" = A', I" \ I = 
{v} and 2. would imply GKZ{A'{v),I) = GKZ{AJ). In this case, / would 
be a divisorial contraction. Moreover, the morphism Xa" — > X^' is again a 
contraction of fibering type. Indeed, otherwise it follows from 1, 2 and 3 that 
the maximal cone GKZ{A, I), adjacent to GKZ{A" ,1"), does not correspond 
to a contraction of fibering type. It follows that A" = A, a contradiction. 

The last assertion follows from the fact that we already have considered all 
possible walls in GKZ(X). □ 
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Chapter 3 

Cayley-Mori Polytopes 



3.1 Cayley-Mori Polytopes 

In this section we characterize the normal fans of a special class of polytopes 
called Cayley-Mori polytopes. These polytopes play an important role in the 
spaces of polytopes as described in Chapter |4] From the viewpoint of toric va- 
rieties, this is reflected by the fact that these polytopes are associated to Mori 
fiber spaces. 

Let X :— Py(£) be a toric variety which is a toric projective bundle over 
a toric variety Y. It is well known that in this case £ will be a decompos- 
able bundle, that is, it is a direct sum of line bundles (see for instance [5T| . 
p. 41). We adopt the Grothendieck notation, that is, Py(£) ~ Projy Sym(£). 
Let E be the fan of Y with respect to the lattice N. For each Vj E set 
Dj :~ V{{vj)). Let Li :— di.Dj, i G {0, k}, be divisors on Y such that 

ies(i) 

£" = Oy(Lo) ffi ... © Oy(ife). The fan of X can be described as follows. 

Let ei, ...,efe be the canonical basis for Z*^ and cq :~ — (ei + ... + e/j). By 
abuse of notation we also denote by the element x e,; in the lattice N xlJ^ . 
Similarly given v £ N we also denote by v the element t; x in TV x Z''. 

For each cone cr e E and i — 0, fc we define 
CTj -.^ Cone(vj + {ai.-ao^)ei+...+{akj-ao^)ek) \ vj G CT(1))-|-Cone(eo, e;, Cfc). 



The fan of X is built up from the cones ai and their faces, as a ranges over 
the cones from S. 
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Now, consider Y a projective toric variety and for i — l,...,k let Li := 
a.i.Dj be ample divisors on Y . Each Li defines a polytope P,; := Pi,; C Mr 

ies(i) 

whose associated fan is Ey. 

Consider the polytope P := cor7,i;((Po xO), (Pi xei), (Pfe xefc)) C MrxM*^. 
In [TTl §3] it was proved that P is defined by the following inequalities: 



(m,eo) > -1 

(m,ej) > j = 1, A: 

where = + ^(a^^ - aojci. 

'i=i 

Moreover, (Py(C'y(Lo) © ••• © C'y(Lfc)),^) is the polarized toric variety as- 
sociated to P, where ^ is the tautological line bundle. 

The polytope P is called a Cayley polytope. In [T] a generalization of Cayley 
polytopes was introduced, namely polytopes of the form Cayley'^ {Pq, ...^Pk) ■= 
conv(^{Po X 0), (Pi X sei), (Pfc x sek)) for some positive integer s. Such a poly- 
tope is called an sth order generalized Cayley polytope associated to Pq, ...,Pfc. 

Now, we will define a further generalization of Cayley polytopes. We will 
use the inequalities above and the description of the fan Sp to describe the fan 
of this new object. 

Definition 3.1.1. Let Pq, Pj, C M" be n- dimensional polytopes, {wi, Wk} 
a basis for M'^ and wo = 0. Suppose that Pq, ...jPk are strictly combinatorially 
equivalent polytopes, that is, they have the same normal fan E. Let Pq * Pi * ... * 
Pk — conv[{Po X wq), (Pfe X Wk)) C M" x . Any simple polytope isomorphic 
to a polytope of the form Pq * Pi * ... * Pk will be called a Cayley-Mori polytope 
associated to Pq, Pk. 

Remark 3.1.2. Note that a Cayley-Mori polytope is defined in the same way 
as a Cayley polytope, replacing the canonical basis {ei,...,ek} C M.^ by an 
arbitrary basis {wi, ...,Wk} C M*^. 

We want to describe the fan of a Cayley-Mori rational polytope P := Pq * 
Pi * ... * Pfc. We may suppose that P is a lattice polytope. 

Consider a linear isomorphism A : — !• ]R"+'^ which is the identity on 
the first n coordinates and maps to Wi for each i G {l,...,t}. We write 
Dp. :~ Oi-Dj for i = 0, k. 

jes(i) 

Note that the polytope Q := conv[{PQ x 0), {Pk x Ck)) is mapped onto P. 
Thus P is defined by the inequalities: 
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(m, {A*)-^{vj)) > -ao., Vj e Ep,(l) 
(m,(A*)-i(eo)> >-l 
{m,{A*)-\ej))>0 j = l,...,k 

k 

where Vj = + ^(fti, - aojej. 

It follows that the 1-dimensional cones of Sp are generated by the vectors: 

k 

• Vj := dj[vj + '^{ai- - ao^-)(A*)"^(ei)], for every Vj G 11(1). 

i=l 

• Uj := Sj(A*)-^(ei), i = 0, A;, 

where dj and Sj arc rational numbers which make Vj and Uj primitive 
vectors for every vj G S(l) and i = 0, A;. 

Hence, the fan of P is given by the cones 

(Tj := cone({)j | i)j e cr(l)) + Cone(uo, Uj, Ufe) 
and their faces, as a ranges over the cones cr e S and i ranges from to k. 

3.2 Cayley-Mori Polytopes and Mori Fiber Spaces 

Let N and N' be lattices and ^ : N ^ N' a surjective Z-lincar map. 

If S and S' are fans in Nr and respectively, compatible with then there 

is a toric morphism (p : — )• X^' . 

Let A^o := ker{^). The following sequence is exact: 

— > No — > N ^ N' — s- 0. 

Now, consider the subfan of S: 

So := {(T G S I cT C (iVo)R C Nr}. 
We have that X^^ m ~ -^Eo.iVo x Tn_ ~ -'«rso,jVo x Tat'- 

Nq 

Furthermore, $ is compatible with Eq C iVn and {0} C N^. 

Thus, there is a toric morphism ^ : Xeq.at — )• Tjv such that 0~^(Tjv') — 

Note that if X-^^^ is smooth then so is Xso.Afo- 

Definition 3.2.1. 1/Fe say S is weakly split by Sq and E' «/ there exist a 
subfan ECS such that: 
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1. maps each cone a € T, bijectively to a cone ct' G S'. Furthermore, the 
map G ^ a' defines a bijection between S and S'. 

2. For every cone a we have a — a + ctq with it € E and ctq G 2]o- 

Definition 3.2.2. Let X be a Q-factorial projective toric variety of dimension 
n. A toric fibration on X is a flat, equivariant surjective morphism f : X ^ Y 
with connected fibers such that Y is a projective toric variety and dim Y <n. 

Remark 3.2.3. Note that a toric fibration is also a fiber space and if all fibers 
of / are irreducible and have Picard number one, then / : X — > y is a Mori 
fiber space. 

Remark 3.2.4. In [TDl §3.3] it was defined the notion of a fan S being split 
by fans Eq and E'. There, it is required the additional condition $R(o-n N) = 
a' n N' for each o- € E. It was proved that if E is split by Eq and E', then 
(j) : Xy: — Xj:> is a locally trivial toric fibration with fiber XsqJVq. Next, we 
give a generalization of this result. 

Theorem 3.2.5. Let{I],N) and{Y/,N') be fans defining Q-factorial projective 
toric varieties and ^ : N ^ N' a surjective "L-linear map compatible with E and 
E'. Let (j) : Xy, — X^,' be the associated toric morphism. Then, (j) is a toric 
fibration with irreducible fibers if and only if E is weakly split by Eq and E' as 



in Definition 3.2.1 In this case, the general fiber of (j) is isomorphic to Xy^q^Nq 



Proof. Suppose first that E is weakly split by Eq and E'. In order to prove 
that : — !■ X^i is a toric fibration with irreducible fibers we will show 
that all fibers are toric varieties of the same dimension. We have seen that the 
morphism (j) : X^: — X-^' is a trivial fibration over the torus T'^ with fiber 
-^So-A^n- If P G ^s' is an invariant point then there exists a maximal cone a' 



such that p — V{a'). By proposition 2.1.3 (f>^^{p)red = is a toric variety 

of dimension dim(Xs)— dim(Xs')- 

Now, consider an invariant divisor V{v') on X^i. Since span{v) C\Nq = {0}, 
the restriction (j) \ v(v)'- Viv) — ^ V{v') is induced by 

^ iVo N/span{v) D N N'/span{v') n N' ^ 0. 

Note that ^v{v) is split by ^'Viv') and the fan {a G Ey({)) | a G ^v{v) H Eq}. 
Hence, the fibers over the torus of V{v') and over fixed points are toric varieties 
with the same dimension, which is dim(V'({;))—dim(y (?;')) = dim(Xx;)— dim(Xs'). 
By induction on the rank of N' , we conclude that all fibers of (j) are irreducible 
of the same dimension and then (j) has connected fibers. Since every toric variety 
is Cohen-Macaulay (see Theorem 9.2.9, [IQ]), this is enough to conclude that </> 
is a flat morphism (see Theorem 4.1.2, |18)). 

Conversely, suppose is a toric fibration with irreducible fibers. Let a' be a 
maximal cone of E'. Since is a flat surjective morphism with irreducible flbers. 
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there exists only one cone (T G S such that a has the same dimension as u' and $ 
maps a bijectively onto a' . Let r e S be a maximal cone containing u . We write 
a = Cone^vi, ...,Vk) and t — Cone(ui, u„i, wi, Wfe). Since S is simplicial, 
for each i = l,...,m and j = the cone cone(tii, Uj, Ufc, Uj) belongs 

to S. If Ui does not belong to Sg for some i = 1, to, there exists some j such 
that $(cone(wi, Uj, f fe, Mi)) has the same dimension as a'. In this case 
V{a) and V'(cone(wi, Wj, Wfc, w^)) are both contained in TT~^{V{a')). But 
this is absurd since every fiber is irreducible. Thus, t = a + cone(Mi, 
and cone(wi, ...,Um) is contained in T,q. Note that since S is simplicial, maps 
each face of a bijectively to a face of a'. So, the set formed by the cones a and 
their faces is clearly the desired fan E. □ 

Lemma 3.2.6. Let X^: be an n-dimensional complete Q-factorial toric variety 
and d the number of 1- dimensional cones of S. Then d — px = n. 

Proof. It follows immediately from the exact sequence (see [TUj, 4.2.1): 
^ A/ ^ CDivriX) Pic{X) 
where CDivxiX) denotes the subgroup of invariants Cartier divisors on X. □ 

Corollary 3.2.7. If Xy, is a smooth complete toric variety with Picard number 
one, then X ~ P". 



Proof. By Lemma 3.2.6 the complete fan S has exactly n + 1 primitive vectors 
vi, Vn+i. Therefore, the maximal cones are of the form cone{vi, Vi, ...Vn+i) 
for every i £ {1, ...,n + 1}. Since S is smooth we can suppose that vi,...,Vn is 
the canonical base of M" and = — Wi — ... — w„. Thus, X ~ P". □ 

Lemma 3.2.8. Let X be a toric projective variety associated to a rational poly- 
tope P. Let Q be a face of P defining a cone ag € T,x and Z := V{aQ). 
Then: 

1. There exists u € Mq such that Aff{Q) + u = (crg)^. 

2. Q+u C (ctq)^ is the polytope associated to the pair (Z, Dp \z) with respect 
to the lattice M H (ctq)^. 

Proof. There is no loss in supposing that P is a lattice polytope. Then P has a 
unique facet presentation P = {x € Mjj | {x,uf) > —ap for all facets F -< P}. 
With this notation we have ctq = cone(ui?)i;';^Q and the smallest affine space 
containing Q is Aff{Q) — {x £ Mr | {x,uf} — —ap for all facets F >~ Q}. So, 
to prove 1 we can take u to be any lattice point such that —u € Q D M. 

To prove 2 we can make a translation of P and assume that u — 0. The 
maximal cones of T,x containing erg are given by ay := coiie{uF)v^F where w is a 
vertice of Q. Moreover Dp |[/„„= div{x~^)- Since Q C (o'q)"'" we conclude that 

Dp \z— ^7^(7)1 where 7 



Z ^ supp{Dp). In this case, by Proposition 



2.2.4 



runs through all cones containing ctq such that dim(7) =dim(crQ) + 1, h-^ = 
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where is any primitive vector in 7(1) \i7q(1) and Si is a positive integer such 
that the image of in the one-dimensional lattice Nj/No-q is — sie for e 
a generator of N^/No-q . To finish the proof, we note that if Dq is the divisor 
associated to Q C Mr n (cg)^ and w is a vertice of Q with 7 C cr„, then the 
coefficient of V(7) in Dq is (— w,e) = j:{—v,Sie) = j:{—v,up.) — = 6-^. It 
follows that Dp \z— Dq. □ 

Theorem 3.2.9. Let X be the Q-factorial projective toric variety associated to 
a simple rational polytope P C A/r and A a sublattice of N . Let vr : Af — )• A be 
the dual map to the inclusion j : A ^ N , where A — A^. If j : A ^ N induces 
a Mori fiber space f : X ^ Y then: 

1. TT : RI ^ A is surjective, and 

2. P c:i Pq * Pi * ... * Pk is a Cayley-Mori polytope for some rational polytopes 
Po,...,Pk such that Xp. ~ Y and Q := ttr{P) — conv(wo, ...,Wk) is the 
polytope associated to the general fiber of f . 

Conversely, if P ^ Pq * Pi * ... * P^ then the canonical inclusion j : Z'^ ^ Z"+'^ 
induces a Mori fiber space f : Xp — >■ Y , where Y ~ Xp. . 

Proof. Throughout the proof we suppose without loss that P is a lattice poly- 
tope. Suppose that j : A ^ N induces a Mori fiber space f : X Y. The first 
item follows from [531 2.4]. Let F be the general fiber of /. Then F has the 
structure of toric variety given by T,p := {a e | o" C Ar}. Since Dp is an 
ample divisor on X, Dp ji? is an ample divisor on F. Let S := Pdp\f C Ar and 
denote by wq, the vertices of S. Every vertex Wi corresponds to a full di- 

mensional cone Ti e Sf which defines a fixed point pi of F. Let Yi :— V{Ti) C X 
be the invariant section of / passing through pi. 

Let Ri be the face of P corresponding t o Yj. N ote that span{Ti) — Ar, which 



implies = A^ =kcr(7rR). By Lemma 3.2.8 there exists Ui E M such that 
KE{Ri) + Ui =ker(7rR) and Ri + Ui is the polytope associated to {Yi,Dp IyJ with 
respect to the lattice ker(7r) C M. Since Yi ~ Y, we conclude that Rq, ...,Rk are 
strictly combinatorially isomorphic. Since Ex is simplicial, the K^'s are pairwise 
disjoint and therefore the same holds for the i?i's. 

Let Dp — aiV{{vi)) be the invariant divisor on X associated to P. 

i>iies(i) 

Since F is the a general fiber, V({vi)) n -F 7^ if and only if Vi e A, and we 
have Dp \p= aiV{{vi)). Using the facet presentations of P and S we 

UiGAnE(l) 

see that 7rR(i?i) = Wi and Q — 7rR(P) — S. 

The fixed points of X belong to the fibers of / over the fixed points of Y. 



From 2.3.12 we have that every fiber has Picard number one. Hence, by lemma 



3.2.6 every invariant fiber has k+1 fixed points. If s is the number of fixed points 



of Y then each Ri has s vertices. It follows that X has s{k + l) fixed points and 
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therefore P has s{k + 1) vertices. Thus, P is the convex hull of i?o, ■■■,Rk- Since 
F has l+dini(F) fixed points, S — conv{wo, ■■■,Wk) is a simplex in Ar. Thus, 
we conclude that P — Pn * ■■■ * Pk, where P^ = + m C kcr(7rR). 

Conversely, assume that P = P^ * Pi * ... * P^ . We can suppose that tt is 



a canonical projection Z"+''' iJ^ as definition 3.f.f Since -K^iPi) = Wi the 
affine subspace Aff{Pi) is a translation of A;er(7rK). Let Y be the projective 
toric variety associated to the polytopes Pi's with respect to the lattice ker{n). 
Then the cones of the fan Ey are contained in (fcer(7rR))^ = M". We have noted 
in Section [XT] that the fan Ep consists of the cones 



cone 



{vj I Vj G o-(l)) + cone(uo, Ufc) 



and their faces, where a G Sp^. Denote by Eq the fan consisting of the cones 
cone(uo, Wfe) for i — 0,...,k and their faces. Then Ep is split by Eg 
and Ey . It follows from Theorem |3.2.5[ Lemma |3.2.6| and Remark |3.2.3| that 
j : Z'= Z"+'= induces a Mori fiber space f : Xp ^Y. □ 



Remark 3.2.10. Recall from the end of Section [3.11 that the 1-dimensional 
cones of Ep , P — Pq * • • ■ * Pfe i are generated by the vectors , G E p^. , and Uj , 
j G {0, k}. Notice that the divisors on X of the form V{vj) are pull backs 
of the invariant divisors V{vj) on Y. Moreover, the invariant divisors of the 
general fiber F are the restrictions to F of the divisors on X of the form V{ui). 

Corollary 3.2.11. Let Xp be a projective toric variety associated to the lat- 
tice polytope P. Then, there is a Mori fiber space f : Xp — > Y with general 
fiber isomorphic to P*^ if and only if there are strictly combinatorially equivalent 
polytopes Pq, ...,Pk and a positive integer s, such that P ~ Cayley'^{Po, Pk). 
Moreover, if Xp is smooth we can take s equal to one and therefore Xp is a 
projective bundle Py(£), where Y is the toric variety associated to the P[s, and 
£ is a decomposable vector bundle of rank fc + 1 onY. 

Proof. By Thcorem |3.2.9[ there are strictly combinatorially equivalent polytopes 
Pq, Pfc such that P = Pq * ... * P^ is a Cayley-Mori polytope. Suppose that 
the general fiber of / is P*^ . Then there exists a positive integer s such that P = 
Cayley^'iPo, Pk) = conv{{Po x 0), (Pi x sei)..., {Pk x scfc)), where {ei, Ck} 
is a basis for Z'^ c M*^. 

As discussed in Section |3.H if cr is a maximal cone of Ey then the cone 
(To '■— cone('i7j | vj G ^(l)) + cone(ei, ...,6^)) is a maximal cone of Ep, where 

k 

f ^^(fli^- — aoj)— and Dp. :— Oi-Dj ior i — 0, k. If Xp is 

i=i jesp(i) 

smooth, then dj = 1 and — is an integer for every i ~ I, ...,k. It follows 

that s divides Dj — Dq in Pic{Y) for every j G Ep(l), and the fan Ep is exactly 
the fan of Py (O 0{^^^) ® ...Oi ^"-^" )) . 



dj 
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Let D be an ample divisor on Y such that D H ^ ^ is ample for every 

s 

i e {1, fc}. We set Qi to be the polytope associated to D H -. Then, 

Pc^Cayley\Qo,...,Qk). □ 

Corollary 3.2.12. Let X be a smooth projective toric variety and ffj:X-^Ya 
contraction of an extremal ray R e NE{X). Then the exceptional locus Exc{ff>) 
is a projective bundle over a toric variety Z . 



Proof. By Proposition 



2.3.12 



the restriction //? \Exc{fR)'- Exc{fj^) — > Z is a flat, 
lism and the fibers are invariants varieties with 

Since X is 



equivariant, surjective morp 

Picard number one. So, this restriction is a Mori Fiber space 
smooth, Exc{ffi) is also a smooth toric variety and therefore the general fiber 
of /i? lExcifn) is smooth. Hence, this general fiber is isomorphic to a projective 
space P'^. From Corollary 3.2.11 we conclude that the exceptional locus Exc{fR) 
is a projective bundle over a toric variety Z := fR{Exc{ffi)). □ 
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Chapter 4 

Birational Polytope 
Geometry 



In this chapter we relate the Mori theory for toric varieties with combinatorial 
properties of polytopes. Part of the content exposed in this chapter comes from 
a joint work in progress with Carolina Araujo, Alicia Dickenstein and Sandra 
Di Rocco. 

4.1 Spaces of Polytopes 

Let Vi G Z", 1 < i < r, be distinct primitive vectors such that cone(wi, Vr) = 
R". Set H= («!,••• ,Vr). For each a = (ai, Ur) G W define the set: 

Pa = |a; € M" {Vi,x) > -Ui,! < i < r|. 

Definition 4.1.1. We define the space of polytope presentations Wu 

Wu = |a e K'" Pa is a nonempty polytope | C K'". 

Next we will find a suitable projective Q-factorial n-dimensional toric variety 
X, and associate to each a G VV-h the linear equivalence class of a real effective 
divisor on X. 

Lemma 4.1.2. Let H ~ (ui,-- - , u^) he as above. Then there is an element 
ao e Z'' such that Pag is an n-dimensional simple lattice polytope having exactly 
r distinct facets. 

Proof. Consider the polytope Q c M" defined as the convex hull of the vectors 
{vi I 1 < « < r}. Since conc(wi, ...,Wr) = K", the polytope Q contains G R" 
in its interior. Hence Q determines a fan S, whose cones are defined to be the 
cones over the faces of Q, that is, S = Sgv. The fan E defines a projective 
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toric variety. The primitive vectors of E form a subset of {vi, ■ ■ ■ ,Vr}- After 
renumbering, we may assume that = {wi, • • • , Vk}, with n + 1 < k < r. 

By considering subsequent star subdivisions of S at Vk+i, ■ ■ ■ ,Vr, we obtain 
a fan refinement S' of S such that E'(l) = {vi, ■ ■ ■ ,Vr}. By [TUl Proposition 
11.1.6], E' stih defines a projective toric variety. By |TUJ Proposition 11.1.7], E' 
can be further star subdivided to produce a simplicial fan E" such that E"(l) = 
{vi, • • • , Vr}. The toric variety X corresponding to E" is then projective, Q- 
factorial and n-dimensionaL Let L be an ample divisor on X. Then the polytope 
P associated to L is an n-dimensional simple lattice polytope having exactly r 
distinct facets. By construction, P = Pag for some uq E I/". □ 



4.1.3. Let H = (vi,- 



be as above. 



By Lemma 4.1.2 there is an element oq € such that P = Pag is an n- 



dimensional simple lattice polytope having exactly r distinct facets. 

Let X be the n-dimensional Q-factorial projective toric variety associated to 
P. Then Ex(l) = {vi, ■ ■ ■ , Vr}- As usual, for each i e {1, ■ • • ,r}, let Di C X 
be the T-invariant prime Weil divisor associated to Vi. 

Consider the surjective linear map: 



V 



[ai, 



— ^ N^{X). 

r) ^ Va^ [^a,A 

ijjrg Th, 



i=l 

len 



Lemma 4.1.4. Let the notation he as in\ 

1. VVn^'D-'^EffiX)'^ 

2. VV-H r- dimensional closed convex polyhedral cone in W . 
Let a e VVu ■ Then 

3. Pa is n-dimensional if and only if a lies in the interior of VV-u . 
4-. Pa and P have the same normal fan if and only if Da G Amp{X). 



Proof. Let a Ell . It follows from Proposition 2.2.8 that 7^ if and only if 
Va e Eff[X), proving 1. 



It follows from Propositions 2.2.1 and 2.2.8 that the effective cone of a toric 



variety is generated by the classes of the T-invariant prime divisors oi X. So 
Eff{X) is a -dimensional closed convex polyhedral cone in N^{X), and 2 
follows. 

From the definition of bigness, we see that Da is big if and only if Pa is 
n-dimensional. Then item 3 follows from the fact that Big[X) is the interior of 
Eff{X). 

Item 4 is also well known. See for instance [34l Section 3.4]. □ 
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Notice that 2 distinct elements of W-h may define the same polytope. 

Example 4.1.5. Set U = ((1, 0), (0, 1), (-1, 0), (0,-1), (-1, -1)), and consider 
the elements a — (1, 1, 1, 1, 2), and h — (1, 1, 1. 1,3). One can check that Pa = 
Pb- 

Hence, if one is interested in parameter spaces for polytopes, not just for 
polytope presentations, then one is led to consider the quotient Wu / ^, 
where ~ is the equivalence relation that identifies elements a,b d PPu such 
that Pa = Pb- 

Our next goal is to show that that VPn / ^ can be realized as an r- 
dimensional closed convex polyhedral subcone of Wn C W . 

In |30j, Payne introduced the cone Amp^{X) generated by classes of divisors 
on X whose stable base loci do not contain any divisorial component. There, 
it was proved that if X is a complete Q-factorial toric variety then Amp^(X) is 

r 

the closed convex polyhedral cone cone(Z3i, Z?;, D^) . 

1=1 

The class of an invariant divisor Di on X does not belong to Amp^{X) if 
and only if [Di] ^ cone^Di, Di, Dr) ■ This is equivalent to saying that 
|mZ?j| = {mDi} for any m such that mDi is Cartier. We call such divisor an 
exceptional divisor. One can check that a divisor Di is exceptional if and only 
if cone(ui, Vi, Vr) = K". 

We define the r-dimensional closed convex polyhedral cone: 

Vn ■■= 'D-^ ^Amp^X)'^ C VVn C R''. 
Next we show that VV-n / ^ can be identified with V-h- 



Proposition 4.1.6. Let the assumptions and notation be as in 4-1-3 above. 
Then the correspondence a t-^ Pa induces a bisection between Vu and the set of 
polytopes {Pa I a € W-h}. 

r 

Proof. Let a G VV-u Ci Z", and set Da :— ^ aiA- Consider the set 

i=l 

la ■= {vi G 5]x(l) I {u, Vi) > -a, for every u e Pa}- 



It follows from Proposition 2.2.8 that the divisor Di appears in the stable base 
locus of Va if and only if Vi Cz la- 

r 

We claim that there is an effective divisor Di, ^^6i_Di e Amp^{X) such 

1=1 

that Pa — Pb- For each i G la set di := min„gp^(M, Vi) + Oi. 

We take Di, :— OiDi + ^^(oi — di)Di G Amp^{X). To see the equality 

Pa = Pb consider i G la and u G Pa- Since {u,Vi) + Oi > di we have u G Pb- 
The converse is obvious since di > 0. So, we are reduced to proving that the 
correspondence a H> Pa is injective on V-h- But this is obvious since Da G 
Ampi(X) if andonlyif/a = 0. □ 
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Proposition 4.1.7. Let X be a complete Q-factorial toric variety. Then, the 
cone Amp^{X) is compatible with the GKZ decomposition of X . More precisely, 
Amp^iX)^ y GKZ{\^). In particular, every maximal cone of GKZ (X) 

(A,0)e5 

intersects Amp^{X) non trivially. If X is projective then Amp^{X) is a px- 
dimensional cone containing Nef{X). 

Proof. Let I? be a divisor in Amp^{X) and let A be tlie fan defined by Pd- Let 
m be a positive integer such tliat inD is Cartier. The complete linear system 
\rnD\ defines a rational map / : X X^, which extends to a morphism 
on an open subset whose complement has codimension > 2 uy X. Therefore 
one can define a pull-back map /* : A^^(Xa) — t- N^{X). By construction, 
there is an ample divisor A on Xa, and an effective divisor E on X such that 
mD = f*A + E. The support of E consists of the T-invariant prime divisors on 
the base locus of |toI?|. Since D e Amp^{X) we have E = and mD = f*A. 
Thus, D e GKZ{A,9). 

Conversely, given (A, 0) e 5, / : X — Xa the associated rational map 
and A an ample divisor on Xa, then D := f*{A) belongs to the interior of 
GKZ{A,^). Thus, the set I = {vi \ {u,Vi) > —Oi for every u £ Pd} is empty. 
Using the same argument as in the proof of Proposition |4.1.6| we conclude that 
D G Amp^{X). If GKZ{A,I) is a maximal cone then it follows from the 
first propriety of GKZ decomposition that GKZ{A,%) is a non trivial face of 
GKZ{A, I). For the last claim notice that in that case Nef{X) = GKZ{Y.x,^)- 

□ 



Let T-L = (fi, Vr) and X be as in 



4.1.3 



In Section 



2.6 



we described the 



GKZ decomposition of X. We saw that each maximal cone in this decom- 
position is generated by the nef cone of a Q-factorial birational model of X 
and some classes of exceptional invariant divisors [D^J's. This decomposition 
induces, through the map T), a degenerate fan supported on Wu C W which 
we call the GKZ- decomposition of VV-h and denote by GKZ{W'h)- 

Polytopes associated to elements in the relative interior of the same cone of 
this fan are strictly combinatorially equivalent. This is a different construction of 
a cell decomposition of VV-h that has already been considered in the literature. 
See for instance [HI Sectionl.3]. There, the maximal cones of this decomposition 
are called big cells, and it is shown that the volume of the polytope Pb is a 
polynomial function of b on each big cell. 

It follows from the properties of the GKZ decomposition of X that given 
a point a G PPu there is a linear subspace S 3 a with maximal dimension 
among those satisfying the following property: there is an open neighbourhood 
(7 of o such that for each b £ S Ci U the polytopes Pa and Pb are strictly 
combinatorially equivalent. The closure of the set consisting of points b G S such 
that Pb is strictly combinatorially equivalent to Pa defines a cone GKZ{a, W-u) 
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of GKZ{'P'P-h) whose dimension is dim S. This means that 

GKZ{VVh) = [GKZ{a,VVH) \ a G VVu], 

and 

VVh^ U GKZ{a,VVH)- 

aeVVn 

Moreover, for each point a in the interior of a maximal cone of GKZ{VV-h), 
the polytope Pa is n-dimensional and simple. It follows from Proposition |4.1.7| 
that the GKZ-decomposition of W-h is compatible with V-u . More precisely, 

Vn=\jGKZia,VVn), 

a 

where the union is over all a e W-h such that Pa is a simple polytope having 
exactly r facets. 

Note that V{a) = 2?(a + (^{u,Vi), • • • , {u,Vr))) for every u e Z". There- 
fore, the fan GK ZiVV-u) is degenerate. Each cone of this fan contains the 
n-dimensional linear subspace defined as the image of the linear map M" — > E 
given by the matrix whose rows are the vectors wi, ...,Vr- 



Remark 4.1.8. It follows from the properties of the GKZ decomposition of X 
that GKZ {a, W-h) is a maximal cone if and only if Pa is a simple 71-dimensional 
polytope with r facets. 



Proposition 2.6.1 can be rewritten as follows. Consider GK Z{a,VV'H) and 



GKZ{h,VV-H) maximal cones whose intersection is a wall GKZ{c,'P'P-h)- One 
of the following occurs: 

1. Pb has one less facet than Pa, Pc is strictly combinatorially equivalent to 
Pb and there is a divisorial contraction / : Xp^ Xp^. 

2. Pa has one less facet than P^, Pc is strictly combinatorially equivalent to 
Pa and there is a divisorial contraction f : Xp^ — >■ Xp^. 

3. The polytope Pc is n-dimensional but not simple. There is a small con- 
traction / : Xp^ — > Xp^ with /+ : Xp^ — Xp^ the associated flip. The 
polytope Pc has one less m-dimensional face than P^, where m denotes 
the dimension of the exceptional locus of /. 



In all cases it follows from Theorem 3.2.9 that the lost face (i.e., the face 
corresponding to Exp{f )) is a Cayley-Mori polytope. 

If GKZ{a,VV-H) is a maximal cone and GKZ{c,'P'P-h) is an exterior wall 
of GKZ{a,VV-H), then dim Pc < dim Pa and there is a Mori fiber space / : 



Xp^ — Xp^. In this case, by Theorem 3.2.9 Pa is a Cayley-Mori polytope 
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Remark 4.1.9. In 4.1.3 we made a choice of Uq G W such that Poq is an n- 
dimensional simple lattice polytope having exactly r distinct facets. Suppose we 
choose another element a\ S Z" such that is an n-dimensional simple lattice 
polytope having exactly r distinct facets. Let {X' ,L') be the polarized toric 
variety associated to P^j. Then X and X' are T-isomorphic in codimension 
one. So there is a natural identification Lp : N^{X) — )■ N^{X') sending the 
class of a T-invariant prime divisor on X to the class of the corresponding T- 
invariant prime divisors on X' . In particular, (p identifies the cones Amp^{X) 
and Eff{X) with Amp^{X') and Eff{X'), respectively. Moreover, ip preserves 
the GKZ decomposition on Eff{X) and Eff{X'). 



4.2 Adjoint Polytopes 

In this section we will explain the MMP in terms of polytope geometry. Given 
a polarized toric variety {X, L) we will define an operation on the associated 
polytope that, under some assumptions, describes each step of the MMP with 
scaling for {X, L). 

Definition 4.2.1. Let P C M" he an n-dimensional polytope, defined by the 
facet presentation: 

P ■.= {ueW \ {u, Vi) > -a,, l<i<r}, 

where each Vi £ Z" is primitive and G M for I < i < r. The polarized toric 
variety corresponding to P is denoted by {X,L), where L is an ample W-divisor 
on X . For each s e ffi>o, define: 

Pf") = {u e M" I {u, Vi) >-a, + s,l<i< r}. 

This operation was introduced in 11 1 and the polytopes P*-*-* are called adjoint 
polytopes in 1281. 

Remark 4.2.2. We note that in order to define the adjoint polytopes P^*^ we 
need P to be given by it facet presentation. This means that P has exactly r 
facets. Otherwise P'-'*^ would not be well defined, i.e., it could depend on the 
presentation. 

Example 4.2.3. Consider the polytope P defined by the following facet pre- 
sentation : 



((501, -1000), x) > -1000 
((-1000, 501), x) > -499 
((0,1), x) > 1 
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The polytopcs P*-*^ have the same combinatorial type as P until the moment 
in which the dimension of P'*^ drops. In particular, P^s) is still a triangle. On 
the other hand, if we add the inequality ((0,-1), a;) > —2, we still have the 
same polytope P. However, P^s) is no longer a triangle. 



' ((501, -1000), x) > -1000 

((-1000, 501), cc) > -499 

((0,1), a;) > 1 

^ ((0,-1), x) > -2 
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((501, -1000), x) > 
((-1000, 501),. t) 
{{0,1), x) 
((0,-1), 2:) > 



-1000 



> -499 
2 
5 



> 1 




Suppose that P is given by it facet presentation as in Definition |4.2.1[ By 
[2H1 Proposition 1.4], (f(''))(*) = pi^+t) . 

The ncf threshold of P is the number 

A(P) :— sup{s e ]R>o I P and P'^-* have the same normal fan} 

while the effective threshold of P is the number 

a{P) := sup{s e M>o | P^"' ^ 0}. 

Equivalently, a{P) = a{L) = sup{s e M>o | [L + si^x] G Eff{X)} and 
A(P) = A(L) = sMp{s e M>o I [L + sKx] e Nef{X)}. The polytope p('^(-P)) is 
called the core of P and is denoted by core{P). 



By Lemma 4.1.4 dimP^'') = n for < s < cr(P), and dimP('"(^)) < 



Remark 4.2.4. By pS] Lemma 1.13] if P is a rational polytope, then the 
number A(P) := sup{s e M>o | [L + sKx] G Nef{X)} is positive if and only 
if X is a Q-Gorenstein variety. This happens for instance when P is a simple 
polytope. 

Suppose that P = Pa is simple and setH — (wi, • • • , Vr) ■ Consider the linear 
map: 

7 : [ , a(P) ] ^ VVn 

s I— > a — s • (1, 1) . 

In order to relate adjoint polytopes with birational geometry, we will compose 7 



with the map V -.W ^ N^{X) defined in Section|4l] RecaU that V{1, ■■■ ,1) 

^i] = [^^x], which lies in the interior of Eff{X). Set L — J2,^i aiDi. 
Then we have 

^ = I?o7: [0 , a{P) ] ^ Eff(X) 

s 1-^ [L + sKx]- 
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This means that the polytope associated to the divisor L + sKx is P*-''-' . 
When we increase s the adjoint polytope -P^**^ will change its combinatorial 
type at some critical values, the first one being A(P). Our aim is to de scribe 



the family of polytopes P'^^'^ for values of s between and cr{P). Theorem |4.2.7 
below describes P*-*-* as we vary s from to cr(P) under the assumption that 
P is a general simple rational polytope. In this case we can say precisely what 
happens with the adjoint polytope P^^^ each time reaches one of finitely many 
critical values. Moreover, we show that for e > sufficiently small, p('^(^)~^) is 
a Cayley-Mori polytope. 

We follow the notation introduced in Section HH] 



Lemma 4.2.5. Let (S,/) G S and let f : X be the associated rational 

map. If A is a nef effective M.-T-divisor on Xy: and A = {Xi)i is in mI^q then 

Pa = Pd where D^f*{A) + Y. 

Proof. It follows easily from [TUl Proposition 6.2.7]. □ 

Definition 4.2.6. Let P be a simple polytope and set % = (ui, ..., Vr), w here 
{vi, ...,fr} are the primitive vectors of Yip. Let the notations be as in 4-1-3 We 
say that the polytope P is general if P — Pi, for some 

b e 2?-i [sffiX) \ \J{cone{r, [-Kx]))) , 
r 

where T runs over all {px — 2) -dimensional cones in GKZ{X) (see Remarks 



JT^ and \4X^ ). 



Theorem 4.2.7. Let {X,L) be a polarized n-dimensional Q-factorial toric va- 
riety such that P := Pl d M" is a general rational polytope. Then there exist 
sequences 

= Ao < Ai < ... < Afe = C7{P), X = Xi X2 ... '-^ Xk+i 
of rational numbers and rational maps, such that: 
L For i G {1, k — 1}, fi is either a divisorial contraction or a flip. 

2. For Xi < s,t < X,+i, P(") and P(*) are n-dimensional simple polytopes 
with the same normal fan. 

3. At s ~ Xi, one of the following occurs. 

(a) Either P^-^*) is simple and p(^») has one less facet than p(-^'-i) 
(equivalently, fi is a contraction of divisorial type), or 

(b) p(^») is not simple and p(^») has the same number of facets as p(-^»-i) 
(equivalently, fi is a flip). 
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4- For Xk-i < s < Afe = (t{P), P^*-* is a Cayley-Mori polytope, (equiva- 
lently fk is a Mori fiber space, and Xk+i is the toric variety associated to 

5. For each i G {l,...,fc}, denote by mi the dimension of the locus where 
fi is not an isomorphism. Then, for A; < s < the polytope P^*^ 
has exactly one more rui- dimensional face than and this face is a 
Cayley-Mori polytope. 

6. Let K{P) be the linear space parallel to Af f{Core{P)) and consider the 
natural projection ixp : M" — !■ M"/-^(-P) associated to P. The toric variety 
associated to the polytope Q 'Kp{P) is the closure of the general fiber of 
the rational map f '■= fk ° ■■■ ° fi ■ X Xk+i- 

Moreover, if p(^>) is simple then X^+i is the toric variety associated to it. 
Otherwise, if P^^^^ is not simple, the toric variety associated to p(^') is the 
image of the small contraction corresponding to the flip fi and Xi^i is associated 
to P(^) for Xi < s < Aj+i- 

Remark 4.2.8. The polytope Q of item 6 was introduced in [5S] but lacked 
this geometric interpretation. 

Proof Set Ai = X{L,X). By definition, L + sKx G Amp{X) for < s < Ai. 
Then P''*) ~ Pl+sKx the same normal fan for < s < Ai. Since P is 
general, L + XiKx belongs to the interior of a wall t of Nef{X). Since the nef 
cone is dual to the Mori cone, there is a unique extremal ray Pi of NE(X) such 
that (P + XiKx) • Pi = 0. Since L is ample, Kx • Pi < 0. 



By Theorem 2.3.11 the complete linear system |m(P + XiKx)\ defines the 
contraction f : X ~> Y oi the extremal ray P for m sufhciently large and 
divisible. Moreover, Y is the projective toric variety defined by p('^i) and r = 
f*iNef(Y)). 

We fall under one of the following 3 possibilities. 

1. If dim Y < dim X then Y is Q-factorial. By Proposition |2.6.l] the cone 
T = GKZ{AL+x^Kx,^) is an exterior wah o f Eff (X). Thus Ai = a{P), 



k ~ 1 and f — fi- It follows from Theorem 3.2.9 that P^^^ is a Cayley- 
Mori polytope for < s < Ai. 

2. If / : X — >■ y is a divisorial contraction then Y is also Q-factorial. In this 
case, using again Proposition |2.6.T] we conclude that r is an interior wall 
and therefore Ai < cr(P). We set X2 — Y and f\ = f. Since X2 is the 
toric variety associated to the polytope Pl+AiKx = P^^^^ we have that 
P'^^i) has one less facet than P. 

Now, consider A2 = A((/i),P, X2). Then (./i)*i AjPTx^ € dNef{X2). 
Notice that 

P + Aiifjf = /i*((/i),P + AiPxJ. 
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This implies that {fl)^,L + \1Kx2 is nef since so is L + XiKx- By Lemma 



4.2.5 the divisor {fi)^L + XiKx2 determines the same variety as L + XiKx, 



which is X2. Thus {fi)*L + XiKx-^ is ample and Ai < A2. Moreover, 
+ sKx2 e Amp(X2) for Ai < s < A2. 

From Lemma 4.2.5| we conclude that for Ai < s < A2, the varieties defined 
by + sKx2 and L + sKx coincide and are equal to X2- Conse- 

quently, for s in this interval, L + sKx is in a same cone of GKZ{X)^ 
which means that the polytopes P'^-* are n-dimensional, simple, and they 
have the same normal fan. 



Since the product of the exceptional divisor E of /i by the ray i?i is 
negative we have that, for every Ai < s < A2, there exists < such 
that + sKx^) ^L + sKx + a,E. 

Since {fi)*L + X2KX2 G dNef{X2), the variety associated to L + X2KX 
(which is the same as the one defined by {fi)*L + X2KX2) is not X2. So, 
since P is general, L + X2KX is in the interior of the wall of GKZ{X) 
which is given as the image of the map 

Nef{X2) X M>o ^ N\X). 

It follows that + X2KX2 is in the interior of a wall of Nef{X2). 

Hence, there exists a unique extremal ray R2 G NE(X2) such that the 
product {{fi)*L + X2KX2) ■ R2 is equal to zero. Then we have again a 
contraction g : X2 Z of an extremal ray. 

3. If / : X y is a small contraction, then Y is not Q-factorial. Let 
tp : X ---^ X^ be the associated flip. Then X+ is Q-factorial. We set 

X2 = X+ and /i = V'. 

The polytope p('^i) is not simple because Y is not Q-factorial. Since / 



is an isomorphism in codimension one it follows from Lemma 3.2.6 that 
P^^^") and P have the same number of facets. Consider the flip diagram: 




By Proposition 
the fan of X+ . 



2.6.1 



G/vZ(S+,0) is a maximal cone, where S"*" denotes 
In addition, t = GKZ{Y.,^) n GKZ{Y.+ ,%). It follows 
that for every e > such that L + [Xi + e)Kx e GXZ(I]+,0), pi^^+^) 
is associated to X2 = X'^. This means that if we set A2 = sup{s € 
M>o I L + sKx e GKZ{T,+ ,9)} then p(") has the same normal fan for 
Ai < s < A2. 



41 



Since ipi is an isomorphism in codimension one, the divisors (■!/'i),L+sii'x+ 
and L + sKx — "01 ((^i)*-^ + sKx+) determine the same variety. Hence 
A2 = X{{^i)*L,X+), and we have that + A2i^x+ S dNef{X+). 

As before, + X2KX+ must belong to the interior of a wall of 

Nef{X2) because P is a general polytope. This wall determines a con- 
traction g : X2 — >■ Z of an extremal ray of NE(X2). 

For the cases 2 and 3, if dim Z < dim X2 then A2 = o'(P). We set ^3 = Z 



and /2 = g. From Theorem 3.2.9 we have that P^'*-' is a Cayley-Mori polytope 



for Ai < s < Ai. Now, we conclude the items 1 to 4 by induction. 

To prove item 5. note that the exceptional locus of the extremal contraction 



fn- corresponding to is, by 2.3.12 an irreducible variety which corresponding 
the mi-dimensional lost face of P^-^*+i). Since the restriction of Jr. to Exp{fji^) 
is a Mori fiber space, item 5 follows from item 4. 

To prove 6. notice that the rational map f : X --^ Xk+i is induced by the 
exact sequence 

K{P)^ (M")* — > (M")7if (P)-L 0, 

whose the dual exact sequence is 

— ^ K{P) — ^ M" ^ W/K{P) — ^ 0. 

Given a vertex w of Q there is a vertex u of P such that TTp{v) = v. It follows that 
the image of the cone := cone(P — v) by ttp is the cone Cy := cone{Q — v). 
Since each maximal cone of the fan Eg determined by Q is of the form (Cc)^ 
and j is the dual map to ttp, we have that j induces an inclusion Xq ^ X. 
Consider the toric variety U C X given by the open subset Uy of X. 

feSx(i) 

The restriction f \u- U ^ Xk+i is a morphism of toric varieties. We will see in 
Section |5.2.2| that the general fiber of this morphism is the toric variety F C U 
given by the fan {v \ v £ K{P)-^ n T,x{l)}, that is, F is the open subset of Xq 

given by [J Uy. As Xq is a closed subset of X, we have F = Xq. □ 

CGEq(1) 



Remark 4.2.9. It follows from the proof of Theorem 4.2.7 and from the de- 
scription given in Section [2. 5| that if P is general then each point of intersection 
between the segment {[i + sKx] | < s < cr(P)} and the walls of the GKZ 
decomposition of X corresponds to a step of the MMP of X with scaling of L. 

We can also reformulate the definition of general polytope as follows: P is 
general if when we vary s from to o'(P), the polytopes P^'^^ lose exactly one 
face at each critical value. More precisely, if A^ is a critical value, then all lost 
faces from to p(^>), for e sufficiently small, are contained in a unique 

face. 
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Example 4.2.10. Consider X := Blp{V^ x P^) the toric variety associated to 
the fan defined by the following maximal cones: 
{cone((l, 0), (0, 1)) , eone((0, 1), (-1, 0)) , cone((-l, 0), (-1, -1)) , 
cone((-l, -1), (0,-1)), cone((0, -1), (1, 0)) }. 

The invariant divisors corresponding to the primitive vectors are denoted by 
D\,D2,Dz, D4,E. The effective cone of X is generated by 0^,04, E and we 
have the relations Di ^ + E and D2 ~ D4 + E. 

Let L := 2Di + D2+ 2D3 + D4 + ^E he an ample divisor on X and P the 
corresponding polytope. 




We have 2 critical values Ai = 1/2 and A2 = 1 that correspond to the maps 

BZp(pi X pi) ^'^pi X F'^— — ^Pi 
t t " 

\ 1 Y 

p p(Ai) p(A2) 

The sequence of polytopes P, p(-^i) and P^-^^) correspond to the sequence of 
varieties that appear in the MMP of X with scaling of L. 

The picture that corresponds to this process in the GKZ decomposition of 
X is given below. 
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If we replace L by the ample divisor QDi + 5I?2 + 6D3 + 5I?4 + 2E then we 
will have 3 critical values Ai = 1/2, A2 — 3/2 and A3 = 5/2, 



E 




that correspond to the maps: 

Blp{V^ X Pi) ^ Fi P2 ^ {g} 



P p(-^2) p(^3) 

Remark 4.2.11. If the polarized toric variety {X,L) corresponds to a non 
general polytope P, then the adjoint polytopes P^") do not give complete in- 
formation about the sequence of varieties that appear in the MMP of X with 
scaling of L. 
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Example 4.2.12. Let {X,L) be the polarized toric variety associated to the 
polytope P defined by the following inequalities: 



r ((-1,-1),^) 


> 


-1 


((0,-1), x) 


> 


-1 


((1,0), x) 


> 


-1 


((1,1),^) 


> 


-1 


((0,1), x) 


> 


-1 


I ((-1,0), x) 


> 


-1 




Notice that L = —Kx and thus A(P) = <j{P) = 1, but the polytope P is 
not a Cayley-Mori. 

Remark 4.2.1 3. Let P {u G M" | (u, «,) > -a^, 1 < i < r} be a polytope 
as in Definition 4.2.1 Let {X,L) be the polarized toric variety corresponding 
to P. Let a :— (ai, a^) € (Q>o)''- For each s G M>o, define: 

= {m G M" I (w, w,) > -flj + sa,, 1 < i < r}. 

r 

Consider the divisor D := ~ aiP'i on X. We can run the analogous steps 

1=1 

of MMP replacing Kx with D. As in the usual MMP, the divisor D cannot 
be made nef. So, we still end with a Mori fiber space. Then, all results of this 
section can be generalized replacing Kx by D and P*^**^ by P^""). 



45 



Chapter 



5 



On the 
2-Fano 



Classification of 
Toric Varieties 



A smooth projective variety X is said to be Fano if it has ample anti-canonical 
divisor. These varieties have been studied by several authors and play an im- 
portant role in birational algebraic geometry. Fano varieties are quite rare. It 
was proved by KoUar, Miyaoka and Mori that, fixed the dimension, there exist 
only finitely many smooth Fano varieties up to deformation (see [15], [E]). Fur- 
ther, in the toric case, there exist finitely many isomorphism classes of them. In 
dimension 2, smooth Fano varieties are classically known as Del Pezzo surfaces. 
There are five isomorphism classes of toric Del Pezzo surfaces: P^, x P^ and 
P^ blown up in 1, 2 or 3 invariant points. In dimensions 3, 4, 5 and 6 there are 
18, 124, 866 and 7622 isomorphism classes of smooth toric varieties respectively 



We are interested in toric varieties known as 2-Fano varieties. A Fano va- 
riety X is said to be 2-Fano if its second Chern character is positive (i.e., 
ch2{Tx) • S" > for every surface S CL X). These varieties were introduced 
by de Jong and Starr in [3] and [5] in connection with rationally simply con- 
nected varieties, which in turn are linked with the problem of finding rational 
sections for fibrations over surfaces. 2-Fano varieties are even rarer than Fano 
varieties. One can check from the classification of Del Pezzo surfaces that the 
only 2-Fano surface is P^. In [5] it is proved that the only 2-Fano threefolds are 
P^ and the smooth hyperquadric in P*. In higher dimensions, few examples are 
known. First de Jong and Starr gave some examples in [2 , then Araujo and 
Castravet found some more examples (see [5], Section 5). Among all examples 
known, the only smooth toric 2-Fano varieties are projective spaces. 

Question 1: Is P" the only n-dimensional smooth projective toric 2-Fano 
variety? 



(see [21], [33], [10] and [H]). 
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We will go through the classification of toric Fano 4- folds, given by Batyrev 
in [35] , and we will check that the only one with positive second Chern character 
is P^. This result was published in [12]. Then, we use a database provided by 
0bro in |22j to answer Question 1 positively in dimension 5 and 6. We remark 
that in [14| Sato considers a similar problem. In particular, he classifies smooth 
toric Fano varieties with Picard number 2 whose second Chern character is nef 



(i.e., ch2{Tx) • 5 > for every surface S C X). We can use Proposition 5.2.9 



and Remark [5.2.4 to recover this result. In Section 5^ we study the case of 



dimension bigger than 6 and give some partial results. 



5.1 2-Fano in Low Dimension 

5.1.1 Batyrev Classification of Toric Fano 4-folds 

Let E C iVg ~ M" be a simplicial complete fan. Write S(l) = and 
set X := Xy,. 

Definition 5.1.1. A subset V = {vi^,Vi^T..,Vi^} o/ E(l) is a primitive col- 
lection for E if the following conditions are satisfied: 



1. V is not contained in any cone from E. 

2. Any proper subset ofV is contained in some cone from E. 

Definition 5.1.2. Let V — {wi^ , , w^^} C E(l) be a primitive collection 
for E and a-p — (wji, ...,Vj^) be the cone of minimal dimension in E such that 
Vii + + ... + Vi^ € a-p. Then, there is a unique linear relation 

+ ... + = ciVj^ + ... + CkVj^, a e Q>o. 

We call TZ{V) :— vi^ + ... + — ciVj^ — ... — c^Vj^, the primitive relation 
associated to V. If X is smooth then Ci e Z>o, and we define the degree of the 
primitive collection V by: 

A{V) :=rf-ci-...-Cfc. 



By Proposition 2.3.10 we may interpret Ni{X) as the space of linear rela- 
tions among the minimal generators of E. Under this identification, we have 
that Ni{X) is generated by primitive relations. Moreover, if V{a) is an invari- 
ant curve on X then its class in Ni{X) is a positive linear combination 
of primitive relations (see [10], Theorem 6.3.10). 

Hence, NE{X) = ^ M>o7^(7'). 

-p primitive 
collection 
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Note that a relation aiVi = 0, e M, corresponds to an element ^ € 

i=i 

Ni{X) that has intersection a.i with for all i e {1, 

r 

bmce ci (Tx) = ^ V{{v,)) (see for instance, [lO] Theorem 8.2.3), if X is smooth 
1=1 

r 

and 7^(P) ^ a^Wi is a primitive relation, then 

r r 

A{v) = E «^ = E ^««')) ■ ^(^) = -^^ ■ ^(^)- 

i=l i=l 



Hence, using Kleiman's Criterion of ampleness (Theorem 2.3.31, we can give a 



characterization of smooth toric Fano varieties in terms of primitive relations: 

A smooth toric variety Xj^ is a Fano variety if and only if A(7') > for 
every primitive relation of S. 

From now on, X := Xs will denote a smooth projective toric variety. 
In ([33], 2.2 A) we see that Fano toric varieties can be recovered from the set 
of primitive relations. In that paper Batyrev gives a classification of toric Fano 
4-folds by describing the possible sets of primitive relations in dimension 4. He 
also gives a geometric description for these varieties. He found 123 isomorphism 
classes of smooth toric Fano 4-fold. Then in [13] Sato noticed one missing 
isomorphism class in Batyrev's classification and he described the primitive re- 
lations of this missing class, completing the classification of toric Fano 4-folds. 
Note that if X^: is a smooth toric variety then any set of primitive vectors that 
generate a maximal cone of S can be chosen to be the canonical basis of Z". By 
definition of primitive collection, a simplicial cone a generated by vectors from 
E(l) belongs to E if and only if a does not contain any primitive collection. In 
the next example, we illustrate how to recover a smooth toric Fano variety from 
its set of primitive relations. 



Example 5.1.3. Let X^ be the toric Fano 4-fold given by the following prim- 
itive relations: 

V1+V2 = vs, vj+vs = vi, vi+ve = V7, = 0, vq+vs = 0, W3+V4+W5 = 2vi. 

Then, the primitive collections are: {wi,W2}, {vj,vs}, {vi^vq}, {v2,vj}, 
{'V6t'>^s}j {v3,V4,V5}. Thus, by definition of primitive collection, the fan E ob- 
tained from primitive relations, satisfies: 



{vi,Vj,Vk,vi) eY^<^ < 



{vi,ve) 
{ve,V8) 



a 
a 
a 

<7 

a 
a 
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Since Xy, is smooth, every maximal cone in E provides a basis to iV ~ Z^. 
The cone (wi, W2, ^3, W4) is maximal in E, so we can take vi = (1,0,0,0),W2 = 
(0, 1, 0, 0), wa — (0, 0,1,0), W4 = (0,0,0,1). Thus, from the primitive relations, 
we get «5 = (2, 0,-1,-1), = (-1, -1, 0, 0), = (0, -1, 0, 0), = (1, 1, 0, 0). 

In the table below we list all smooth toric 4-folds and its primitive collections 
or geometric description. The last variety in our table follows Sato's notation. 
For the others, our notation differs from Batyrev's notation used in [33] only 
in the enumeration of minimal vectors. Whenever he enumerates the vectors 
from to /c, we will enumerate them from 1 to fc + 1. We denote by Si the Del 
Pezzo surface obtained by the blow up of i points in general position on for 
i = 1,2 and 3. It is clear that primitive collections are not enough to describe 
the variety. They describe only its combinatorial type. 



Notation 


Primitive Collections or Geometric Description 




p4 


,65 


{^^5,^6}, {vi,V2,V^,Vi} 


Ci, C4 


{vi,V2,Vz}, {U4,l'5,1'6} 


Di,...,Di9 


{V4,V5}, {1^6,^7}, {vi,V2,Vz} 


Ei,E2, E3 


{vi,V7}, {Vi,V2}, {vq,V7}, {v2,V3,Vi,V^}, {v:i,Vi,V^,V(i} 


Gi, Gg 


{vi,V7}, {v2,V3,Vi}, {vi,V^,VQ}, {^5, We, W7}, {VI,V2,V^} 


Hi, Hio 


{vi,V2}, {V7,Vs}, {1^1,-^6}, {V2,V7}, {vg,Vs}, {^3, "^5} 


h, ---jlis 


{^1,1^2}, {V7,Vii}, {v3,V(i}, {vQ,Vii}, {w3,t'4,W5}, {vi,Vz,V7} 


Ji, J2 


{^'3,^'6}, {v&,Vfi}, {vT,Vf,}, {vi,V2,V^}, {vi,V2,V-j}, 
{vi,V2,Vii}, {vz,Vi,V^}, {va,Vz,Vq}, {va,Vz,Vj} 


Ki, ...,Ki 


{V7,vg}, {vi,Vii}, {vs,Voi}, {v2,Vii}, {vq,Vj}, {vi,Vq}, 

{v&,vg}, {vi,V2}, {1^2,-^7}, {v:i,VA,V^} 




{vi,Vfi}, {v2,V'i}, {VA,V^}, {Vfi,Vj} 


Ml,..., Mi 


{vi,Vfi}, {va,Vz}, {Vfi,Vj}, {VI,V2,V^}, {vi,Vfi,Vfi}, 
{v2,V3,Vz}, {v2,V:i,V-!} 


Qi, Qn 


{vi,V2}, {vi,Vs}, {"2,^7}, {W3,W5}, {"4, We}, {v?„Vq}, {V7,vg} 


i?l , i?2 , ^3 


{v7,Vq}, {Vi.Vii}, {vs,Vq}, {vq,V'j}, {w3,W5}, {Vi,VQ}, 
{d1,U2,W9}, {vz,Vfi,Vs}, {vi,V2,V^}, {vi,V2,Vj}, {vi,V2,Vi} 


108 


{V7,vg}, {Vfi,Vg}, {v:i,V^}, {va,V(,}, {vi,Vj}, {v^,V(i}, 
{vi,V2,Vr,}, {vi,V2,Vi}, {v2,Vz,Vii}, {W2,W4,'(^8} 


Ui,...,U^ 


{W1,W3}, {v2,Vi}, {vi,V^}, {V^,V^}, {vA,V(i}, {v2,Vz}, 

{vi,vz}, {v2,v&}, {v^,V(i}, {1^7, ■i^s}, {v<i,vio} 


Zi, Z2 


{vi,Vfi}, {vz,V7}, {vi,V2,Vz}, {vi,V2,V(,}, {v2,Vi,V^}, 
{v2,VA,Vq}, {V'i,V7,Vfi}, {V'i,VA,VQ}, {Vi,VA,Vj}, {V'i,V(i,Vfi} 
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117 


{v4,vio}, {vi,V5}, {v2,V(i}, {1^3,^7}, {v8,vq}, {wi,W2,i'io}, 

{l'l,W3,Wlo}, {w2,W3,Wio}, {vi,V2,V3}, {wi, Dg, "Wio}, 
{l'2,W9,Wio}, {■i;3,W9,1'lo}, {vi,V2,Vg}, {vi,V3,Vq}, 

iv2,V3,vn}, ivA,vr^,ve}, ivA.v^.vj}, ivA,VR,V7}, ^vr^,ve,v^}, 

{v4,V5,Vs}, {v4,Vq,Vs}, {v4,V7,Vs}, {v5,Vq,Vs}, {v5,V7,Vs}, 
{v6,V7,Vs} 


118 


{V4,vg}, {V1,V5}, {V2,ve}, {f3, W7}, {vi,V2,Vg}, {vi,V3,Vg}, 
{v2,V3,Vg}, {vi,V2,V3}, {v4,V5,Vs}, {v4,Ve,Vs}, {v4,V7,Vs}, 
{v5,V6,Vs}, {V5,V7,Vs}, {ve,V7,Vs} 


119,120,121 


S2 X 52, S2 X S3, S3 X 53 


124 


{vi,V4}, {1^2,^5}, {V3,ve}, {vi,V2,V3}, {v4,V5,Ve}, 
{v7,Vs,Vg}, {vi,V2,Vg}, {^4,^5, "9}, {vi,V3,Vs}, {v4,Ve,Vs}, 
{V2,V3,V7}, {v5,Ve,V7}, {vi,Vs,Vg}, {v4,Vs,Vg}, {v2,V7,Vg}, 
{v5,V7,Vg}, {v3,V7,Vs}, {v6,V7,Vs} 



5.1.2 Second Chern Class Computation 

In this section, we will compute c/i2(Jx) in terms of the invariant divisors 



Di := V{{vi)) and we will give an analogue of the Toric Cone Theorem 2.3.9 
We also give a formula for the second Chern character of a variety obtained by 
a blow up. 



Proposition 5.1.4. For a smooth toric variety X we have: 

ch2[Tx) 



2 

Proof. There are exact sequences (see [TOl 4.0.28, 8.1.1]): 

^ 0(-A) ^ Ox ^ Cd, ^ 
Where is the structure sheaf on Di extended by zero to X. 

Using Whitney sum we have: 

= ch2{o\^) = ch2{n\) + cMi^UiOo,) 

ch2{OD,) = -c/i2(0(-A) = -\Dj for aU i e {l,...,r}. 



ch2{Tx) = ch2{n],) = ~ch2{®l=^OD.) = ^ ( ■ n 
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By definition, a variety X has positive second Chern character if for any 
surface S G X we have ch2{X) ■ S > 0. However, in the toric case, we only need 
to check this inequahties for invariant surfaces, because of the following result. 
The proof sketched below is due to D. Monsores. 

Proposition 5.1.5. Let X := X-^ be a complete toric variety of dimension 
n>3. If S is a surface contained in X, then we have a numerical equivalence: 

creE(n-2) 

with a„ > 0, Vo- G S(n- 2). 

Proof. The proof is by induction on the dimension of X. If n = 3 then S is 
an efective divisor on X and by [511 Section 5.1], S ^ Oc ■ \V((7)\ with 

creS(l) 

Oct > 0,Vcr e S(l). By induction hypothesis we can suppose that S intersects 
the torus T of X. Consider the action C* x X — >• X given by {t, x) ^ t^^ ■ x, 
where Ai S N. This action induces a rational map f : C x S X. Consider 
a toric resolution on indeterminacy for this map: 




X S- -^X 



By [25l III 9.6,9.7] tt is a flat morphism whose fibers have pure dimension two. 
Hence the cycles ■0*(7r*(O)) and ip^{Tr*{l)) are rationally equivalent. Since S = 

k 

tp*{'!T*{l)) we get a numerical equivalence S = ajSj, where a.^ > and 

Si C ip{Tr~^^{0)) Vz — 1, k. Note that by construction ■0*(7r*(O)) and therefore 
every Si is invariant by the action of Ai. If each surface Si has empty intersection 
with the torus then we conclude the proposition by induction. If Si intersects the 
torus we take A2 G such that {Ai, A2} are linearly independent and repeat the 

r 

construction above to Si and A2. We get Si = bjSj, where bj > and each 

S'j is an invariant surface by the actions of Ai and A2. If S'^- RT = Vj = 1, r 
we are done. If for some S'j it fails, we repeat the process using a parameter 

s 

A3 such that {Ai,A2,A3} are linearly independent and obtain Sj = Ck S'l 

fc=i 

where Ck > and 5[f are invariant surfaces by the actions of Ai, A2 and A3. To 
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finish the proof we observe that 5^' n T = VA: = 1, s. Since {Ai, A2, A3} are 
hnearly independent, if there were t G n T wc would have an injective map 
(C*)3 S'^ given by {tx,t2,h) ^ • 4' ' ^3' ' t- But this is absurd since S'^ 
is a surface. □ 



So, in order to check whether a smooth toric Fano variety is 2-Fano, we need 

d 



to CO 



mpute ■ S for invariant surfaces V{a). 



If V{a) is not contained in the support of Di we can use the Remark 2.2.5 
to compute Di ■ V{(t). 

Suppose, otherwise, that V{a) C supp(Di). Since Di is a Cartier divisor, 
there exists u G M such that {Di)^^^ = div{x^)\u^ ■ Hence, Di — div{x'^) is 



hnearly equivalent to Di and the support of Di — div{x^) = Di — Vj)Dj 

)k 



i=l 

does not contain V{a). Thus, if we find an element u G M satisfying (-Di)|„ 



div{x")\^ then we can use again the Remark 2.2.5 to compute Di ■ V{(7) = 
(A - dwlx")) • V{a). 

By the cone-orbit correspondence, we have: 

i/^ n =^ ^ (Vj) C cr. 

Since (iiw(x")|„^ = ^ {u,Vj){Dj)i^,^ , in order to have (A) \u„= div{x'') \u„ 

Vj Go- 

we can take u to be any element in M such that {u, Vi) = 1 and (m, Vj) = Oyj ^ i 
such that Vj G cr. With this, we are ready to compute the product of c/i2(T'x) 
with V{(t). 

Next, we give a formula of the second Chern character of a variety obtained 
by a blow up. This formula can be also found in [2]. For the convenience of the 
reader we sketch the proof below. 

Lemma 5.1.6. Let X be a smooth projective variety and Z C X a (smooth) 
invariant subvariety of X of codimension c. Denote by n : X ^ X the blowing 
up of X along of Z , j : E ^ X the natural inclusion of the exceptional divisor 
E and f :— tt\e : E ^ Z . Then 

c/i2(T» - 7r*ch2iTx) + "^E^ -j,(^f*{c,{Nzix)))- 

In particular, the blow up of P" along of a subvariety of codimension 2 is not 
2-Fano. 

Proof. Using the exact sequence 

— > T:*nx — — > j^flf — > 
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we get 

ch{nj^)^T:*ch{nx) + ch{j^nf). (1) 
Grothendieck-Riemann-Roch gives 

ch{j,nf) ■ td{T^) = j;(c/i(%) • td{TE)). (2) 

From the exact sequence 

Q^Te^ fT^ fO^(E) 

we have 

td{TE) = tdifT^) ■ tdifO^iE))-' = f ^^J^y\ (3) 
Putting together (2) and (3) we obtain 

cMj*^f) = j.ich{nf)) ■ {^—^)- (4) 

Using the isomorphism 1) ~ j*Oj^{E) and the Euler sequence for flf, 

we obtain 

cM%) = rcMiv^ix)-r(i+^)-i- (5) 

Putting together (1), (4) and (5) we arrive at 

ch{n^) = 7T*chinx) + j; (r c/i(7v^|^) • / (i + £;) - 1) • 

Taking the degree 2 piece we prove the first part of the lemma. To prove the 
last statement we take a curve C C Z and consider the surface S :~ f^^{C) ~ 
P(iV^) where N denotes the normal bundle Nz\x\c- 

Then, ch2{T^)-S=^E^-S~E-rci{Nzix)-S^-^deg{N) = -^det{N)-C. 

If X is P" then Tx is ample, and thus so is Nz\x- So det(A^) is ample and 
c/i2(7»-^<0. □ 




5.1.3 The Main Result 

Theorem 5.1.7. For n < 6 the only toric Fano n-fold with positive second 
Chern character is P" . 

Proof. For n < 2 the theorem follows from the classification of toric Del 
Pezzo surfaces and Lemma 5.1.6 For n — 3 the result follows from [5]. 
We claim that in the following cases ch2(Tx) is not positive: 

1. X = Zxyisa product of positive-dimensional Fano manifolds. 
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2. X = Py(£') is a projective bundle over a positive-dimensional Fano man- 
ifold Y. 



In the first case recall we have an isomorphism Tzxy — '^z'^z x T^yTy and 
therefore ch{Tx) = 7r*z{ch{Tz)) + tt^ (c/i(Ty)). If A and B are curves in Z and 
Y respectively, then ch2{Tx) ■ {A y. B) — Q. The second item follows from [2l 



4.1] and can also be obtained as a special case of Theorem 5.2.6 

As consequence, the toric Fano 4-folds listed in the Batyrev's classification 
that are of type 1. or 2. do not have positive second Chern Character. They 
are (see Batyrev's description of these varieties in [55)1: 

Bi,..., -85, Ci, C4, Z?i, Dig, Hs,Li, Lis, It, hi, Ii3,Q6,Q8,Qio, Qii, 
Qi,,Ki,Ui,U5,Ue, 119, 120, 121. 

In the remaining 4-dimensional cases, we computed ch2{Tx) ■ S for all invari- 



ant surfaces S d X , as described in Section 5.1.2 To make the computation we 
used the program Maple. For all smooth toric Fano 4-folds X 7^ in Batyrev's 
list we found a surface S <Z X such that c/i2(Jx) • 5* < 0. 

The next table summarizes our results. The first column lists toric Fano 
4-folds according Batyrev's notation. The second column lists its primitive vec- 
tors explicity. The third column gives an invariant surface S for which the 
intersection number ch2{Tx) ■ S (listed on the last column) is non positive. 





Primitive Vectors 


Surface 


ch2{Tx)-S 


El 


vi = ei,V2 = 62, V3 = 63, V4 = 64, W5 ^ 2ei - 
62 - 63 - £4, vq ^ ei + 62, vj = -ei 


V{V2,V3) 


-2 


E2 


vi = ei,W2 = 62, 1^3 = 63, U4 = 64,^5 = ei - 
62 - 63 - 64, vq = ei+ 62, W7 = -ei 


V{V2,V3) 


3 

~2 


E3 


Vl = ei,W2 = 62, W3 = 63,^4 = 64,^5 = -62 - 
63 - 64, Vq = ei + 62, W7 = -61 


V{V2,V3) 


-1 


Gi 


Vl = 61, W2 = 62,1'3 = 63, W4 = 61-62-63,^5 = 

64, We = 61 + 62 + 63 - 64, vr = -61 


V{VI,V5) 


1 

"2 


G2 


Vl = ei,V2 = 62,^3 = -61 -62,W4 = 64,^5 = 

63, «6 = 26i - 63 - 64, vr = -61 -f 64 


V{vi,V5) 


-2 


G3 


wi = 61, W2 = 62, W3 = 63, 'y4 = -62 - 63, V5 = 
64, We = 61 + 62 + 63 - 64, vj = -61 


V{vi,V5) 


-1 




Vl = 6i,t;2 = 62,-^3 = -61 -62,W4 = 64,^5 

63, We = 61 + 62 - 63 - 64, V7 = -61 + 64 


V{vi,V5) 


1 

~2 




Vl = 61, W2 62, W3 = -61 - 62, W4 = 64,^5 = 

63, We = -63 - 64, W7 = -61 -1- 64 


V{V2,V5) 


-2 




Wl = 61, W2 = 62, W3 = -61 - 62, W4 = 64, W5 = 

63, «e = 61 - 63 - 64, W7 = -61 + 64 


V{V2,V5) 


3 

~2 
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Primitive Vectors 


Surface 


ch2{Tx)-S 


"1 


yi — Cl, f2 — 62, V3 — 63, 04 — 64, (;5 — ACi 

63 - 64, -ye = -ei - 62, v^ = -62, vs ^ ei + 62 




3 

~2 


H2 


^^1 = ei,V2 = 62, vs = 63, V4 = 64, Us = 2ei + 

62 - 63 - 64,1)6 = -61 - 62,^7 = -62,^8 
■ + 62 


V{V3,V4) 


-1 


H3 


Vl = ei,V2 = 62, U3 = 63,?;4 = 64, 1)5 = 26i + 
262 - 63 - 64,t;6 = -61 - 62,^7 = -62,^8 
■ +62 


V{V3,V4) 


3 
~2 


Hi 


Vl = 61, U2 = 62, U3 = 63,^4 = 64, U5 = 61 - 

63 - 64, -ye = -61 - 62, V7 = -62, Us = 61 + 62 


V{V3,V4) 


3 
2 


H5 


Vl = ei,V2 = 62, V3 = 63, V4 = 64,^5 = 61 + 
62 - 63 - 64, Ue = -61 - 62,^7 = -62,^8 
■ + 62 


V{V3,V4) 


3 
2 


He 


Vl = ei,V2 = 62, V3 = 63, Vi = 64, f5 = 61 + 
262 - 63 - 64,t;6 = -61 - 62,t;7 = -62,1^8 = 
61 + 62 


V{V3,V4) 


'J 


~2 


Hr 


Vl = 61, V2 = 62, ?;3 = 63, V4 = 64, = 262 - 
63 - 64, Vq = -61 - 62, Vy = -62, Ws = 61 + 62 


V{V3,V4) 


'J 


~2 


H9 


Vl = ei,V2 = 62, V3 = 63, V4 = 64,1)5 = 62 - 
63 - 64, Vq = -61 - 62,^7 = -62, -^s = 61+62 


V{V3,V4) 


3 

2 


HlQ 


^^1 = 6i,t;2 = 62,-^3 = 63,-1^4 = 64, -^5 = -61 - 
63 - 64, Ve = -61 - 62, U7 = -62, -1^8 = 61 + 62 


V{V3,V4) 


3 

"2 


h 


Vl = ei,V2 = -61 + 63,1)3 = 63,1^4 = 64,^5 = 

-262 + 63 - 64,1)6 = 62 - 63,1)7 = 62,1^8 = 
-62 + 63 


y (1)1,1)4) 


3 
~2 


h 


Vl = 61, V2 = 62,1)3 = 63,1)4 = 64,1)5 = 261 + 
262 - 63 - 64, f6 = -61 - 62, 1)7 = -61 - 62 + 

63,118 = 61+62 


y (1)1,1)4) 


3 
~2 


h 


Vl = 61, V2 = 62,1)3 = 63,1)4 = 64,1)5 = 2ei + 

62 - 63 - 64,1)6 = -61 - 62,1)7 = -61 - 62 + 

63,1)8 = 61+62 


1^(1)1,1)4) 


3 
~2 


h 


Vl = 61, V2 = 62,1)3 = 63,1)4 = 64,1)5 = -261 - 
262 + 63-64,1)6 = 61+62-63, Vr = 61+62,1)8 = 
-61 -62 + 63 


y (1)1,1)4) 


3 
~2 


h 


Vl = 61,1)2 = 62,1)3 = 63,1)4 = 61 + 62,1)5 = 
-61-62-63+264,1)6 = -64,117 = 63-64,1)8 = 
64 


y (1)1,1)4) 


3 
~2 


h 


^^1 = 61,1)2 = 62,1)3 = 61 +62,1)4 = 64,1)5 = 

63, ve = -61-62-63-64,1)7 = -63-64,1)8 = 
61 + 62 + 63 + 64 


V{vi,V4) 


3 

"2 
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Primitive Vectors 


Surface 


ch2{Tx) ■ S 




^^1 = ei,V2 = 62, U3 = 63,774 = 64, W5 = -62 " 
63 - 64, ^6 = 61 + 62, W7 = 61 + 62 + 63, Vs = 
-61 - 62 


V{vi,V4) 


3 

~2 


h 


^^1 = 6i,i;2 = 62,^3 = 63,^4 = 64,1)5 = -61 - 
62 - 64,^6 = ei + 62 - 63, Vr = 61 + 62,^8 = 

-61 - 62 + 63 


V{vi,V4) 


3 
~2 


ho 


Vl = 61, W2 = 62, W3 = 63,-!;4 = 64, W5 = 61 + 

62 - 63 - 64, We = -61 - 62, v-r = -61 - 62 + 

63,^8 =61 + 62 


V{vi,V4) 


3 

~2 


/l2 


Vl = ei,V2 = 62,1^3 = 63,^4 = 64,175 = -61 - 
62-63-64,176 = 61 + 62,^7 = 61+62 + 63,178 = 
— 61 — 62 


y(i'i,i'4) 


3 
~2 




Vl = ei,V2 = 62,173 = 63,174 = 61 + 62,115 = 
64, = -61 - 62 - 63 - 64, 177 = -61 - 62 - 
64) f8 — 61 -|- 62 T 03 i" 64 


V{vi,V4) 


3 
~2 


h5 


1^1 = 61, f2 = 62,173 = 63,174 = 64,i;5 = -2ei - 
262-63-64, 1>6 = 61+62,117 = 61+62 + 63,178 = 

-61 - 62 


V{vi,V4) 


3 
~2 


Jl 


1^1 = 61,172 = 62,173 = 63,174 = 64,1^5 = -63 - 
64, Ve = 61 + 62 + 63, 177 = 61 + 62 + 263, 1^8 = 

-61 - 62 - 63 


y (171,173) 


-1 


J2 


17l = 61,172 = 62,113 = -61 - 62,114 = 64,175 = 
63, 17fi = 61 + 62 — 63 — 64, 177 = —63 — 64, 17s = 

— 61 — 62 + 63 + 64 


V{vi,V3) 


1 

~2 


Ki 


Vl = 61, f2 = 62,113 = 63,114 = 64, f5 = 261 + 
262 - 63 - 64,1'6 = -61, 117 = -62,1'8 = -61 

■ 77g = 61 + 62 


(173, 1^4) 


-3 


K2 


Vl = 61,112 = 62,1'3 = 63,114 = 64,115 = 261 + 
62 - 63 - 64,176 = -61,177 = -62,178 = -61 - 

7Jn Pi -1- 

^2: f^y — ^1 ^ ^2 


V{V3,V4) 


-3 


K3 


Vl = ei,V2 = 62,113 = 63,114 = 64,115 = 61 + 

62 - 63 - 64,176 = -61,177 = -62,178 = -61 - 
62,179 = 61+62 


V'(i;3,i'4) 


-3 


Ml 


Vl = 61,172 = 62,1^3 = 63, U4 = 64,1^5 = 
-64, We = 61 + 62 + 63 - 64, 177 = -61 - 62 - 
63 + 64,178 = -61 


V{V2,V4) 


5 

~2 


M2 


1^1 = 61,172 = 62,173 = 63,174 = 64,175 = 61 - 
64, We = 61+62+63-64,177 = -62-63+64,178 
• 


y (172,174) 


5 

~2 
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Primitive Vectors 


Surface 


ch2{Tx) ■ S 


Ms 


^'i = ei,V2 = 63. W3 = e2,V4 = 64,^5 = ei - 
64, vq = ei + €2 + €3 - ei,vr = -62 - 63, us = 
-ei 


V{V2,V4) 


5 

~2 


M4 


Vl = ei,V2 = 62, V3 = 63, V4, = 64,^5 = ei - 
64, Vq = 61 + 62 + 63- 64, V-j = -61 -62-63 + 

64, Vs = -61 


V(U2,W4) 


5 

~2 


Ms 


^'l = ei, W2 = 62, V3 = -ei -62 + 64, V4 = 63, 

V5 = 61 - 63 - 64, Vq = 64, Vr = 61 - 64, 

vs = -63 - 64 


V{V2,V4) 


3 

~2 


Qi 


V\ = 61, V2 = 62, V3 = 63, V4 = 64,Vb = 6-4- 
63, = ei - 64, V-j = -62, Vs, = -61 -e2,Vg = 
61 +62 


V{V3,V/^ 


3 
~2 


Qi 


Vl = 61, V2 62,^3 = e3,t;4 = 64, V5 = ei - 

63, Ve = 63- 64,Vr = -62, Vs = -61 - 62,Vg = 

61 +62 


V{V3,V4) 


3 
~2 




Vl = 61, V2 = 62, V3 = 63, V4 = 64, V5 = 61 + 
62-63,1^ = 61+62-64,^7 = -62,^^8 = -61- 

62, Vq = 61 + 62 


F(U3,W4) 


3 

~2 




Vl = 61, V2 = 62, V3 = 63, V4 = 64,V5 = 61 - 
63,^6 = ei + 62 - 64,t;7 = -62,^^8 = -61 - 
62, Vq = 61 + 62 


y{v3,V4) 


3 
~2 


Q5 


Vl = ei.V2 = 62, V3 = 63, V4 = 64,^5 = 61 + 
62 - 63, We = 63 - 64,i;7 = -62, Vs = -61 - 

62, Vg = 61 + 62 


V{V3,V4) 


3 
~2 


Qi 


Vl = 61, V2 = 62, V3 = 63, V4 = 64,V5 = 61 + 
62 - 63, Ve = -62 - 64, V7 = -62, Vs = -61 - 
62, Vg = 61+62 


V{V3,V4) 


3 
~2 


Q9 


Vl = 61, V2 = 62, V3 = 63, V4 = 64, f5 = 61 + 
62 - 63, We = 62 - 64,117 = -62,^8 = -61 - 

62, vg = 61+62 


y{v3,V4) 


3 

~2 


Q12 


Vl = 61, V2 = 62, V3 = 63, V4 = 64, V5 =61- 
63,V% = 62- 64, Vr = -62, Vs = -61 - 62, Vg 
• +62 


V{V3,V/^ 


3 
~2 


Ql3 


Vl = 6i,?,'2 = 62,^3 = 63,^4 = 64,?,'5 = 62 - 
63, ?;cj = 62 — 64- ''7 = — 62. W8 = —('1 — 62- ''9 = 
('1 + C2 


V{V3,V4) 


3 
~2 


Ql4 


Vl = 61, V2 = 62,^3 = 63,i;4 = 64,^5 = 62- 
63, Vq =63- 64,Vr = -62, Vs = -61 - 62, Vg 
■ + 62 


V{V3,V4) 


3 

"2 
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JT 1 11111 live V lUl 


^1 1 T"to 

kj Ul IdCc 


cn2[-i X j <-> 


Ql6 


Vl = ei,V2 = 62, W3 = 63,^4 = 64,1)5 = 61 + 
62 - e3,VG = -61 - 62 - 64,i;7 = -62,1'8 = 
-61 - 62,^9 = 61 + 62 


V{V3,V4) 


3 

~2 


Ql7 


Vl = ei,V2 = e2,V3 = es,V4, = 64,^5 = 62 - 

63,1'fi = —61 — 62 — 64,^7 = — 62,l'« = — 6i — 

62, = 61 + 62 


V{V3,V4) 


3 

~2 


Ri 


v\ = ei,V2 = 62,^3 = e3,t;4 = -61 - 62 + 
e-^t.vci = —61 — e-2,Vfi = eA.vr = —eA.Va = 

■ '.) _L ^ 7 \J '-±7 9 

61 + 62 - 63 - 64, Vg = -61 -62 + 63 + 64 


V{V1,V3) 


-4 


R2 


Vl = ei,V2 = 62, Us = e3,i;4 = -ei - 62 + 

63,^5 = -61 - 62 + 64,^6 = 64, W7 = -64,^8 = 
61 + 62 - 63 - 64, Vg = -61 -62 + 63 + 64 


V{V1,V3) 


-4 


Rs 


Vl = ei,V2 = 62,^3 = e3,U4 = -61 - 62 + 

63, "5 = -63, ve = 64, U7 = -64, vs = 61 + 62- 

63 64, Ug — 61 62 63 -|- 64 


V{V1,V3) 


-4 


108 


Vl = 61, V2 = 62, V3 = 6s, Vi = -61 - 62 + 

64,^5 = -61 - 62 - 63 + 64,1)6 = -63,l>7 = 

-64, -ys = 61 - 64, Vg = 64 


V{V4,Vg) 


-1 


Ui 


Vl = 61, V2 = 61 + 63,^3 = 63,-!;4 = -61, U5 = 
-61 - 63, V6 = -63, Vr = 62, Vg = 61- 62,Vg = 
64,^10 = 61-64 


V{v3,vr) 


1 

~2 


U2 


Vl = 61, W2 = 61 + 63,^3 = 63, U4 = -61, U5 = 
-61 - 63, Vq = -63, V7 = 62, V8 = 61 - 62, Vg = 
64,^10 = 61-62-64 


V{v3,vr) 


1 

~2 


Us 


I'l = 61, ■(;2 = 61 + 63, V3 = 63, V4 = -61, 1^5 = 
-61 - 63, Vq = -63, V7 = 62,Vs = 61- 62,Vg = 
64,^10 = 61+63-64 


V{v3,Vg) 


1 

~2 


U7 


Vl = 61, V2 = 61+ 6s, V3 = 6s, V4 = -61, V5 
■ -63,W6 = -63,^7 = 62,^^8 = ei -62,^9 = 

64, VlO — 63 — 64 


V{V3,Vg) 


1 

~2 


Us 


Vl = 61, V2 = 61 + 63,ti3 = 63,i;4 = -61, V5 = 
-61 - 63, Ve = -63, Vr = 62, Vg = 61- 62,Vg = 

64,^10 = -ei - 64 


V{v3,Vg) 


1 

~2 




^^1 = ei,U2 = 62,1^3 = 63,^4 = 64,1)5 = -61 - 
62, f 6 = -62 - 63 - 64, ■^7 = 61 - 63 - 64, Vs = 
-61 + 64 


V{V1,V3) 


5 

~2 


Z2 


"1 = ei,i;2 = 62,^3 = 63,^4 = 64,^5 = -61 - 
62, f 6 = -63 - 64, ?;7 = 61 + 62 - 63 - 64, Vs = 
-61 + 64 


V{V1,V3) 


-2 


111 


Vl = 62,^2 = 63,^3 = 64,^4 = -61, 1^5 = 
-62,-^6 = -63, Vr = -64, ■!;8 = 61 + 62 + 63 + 
64, Vg = —61 - 62 - 63 - 64, Vio = 61 


V{V1,V4) 


-5 
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Primitive Vectors 


Surface 


ch2{Tx)-S 


118 


Vl = 62, V2 = 63,1)3 = 64,^4 = -ei,U5 = 
-62,-^6 = -63, V7 = -64, Ug = d + 62 + 63 + 
64, Wg = 61, 


V{vi,V4) 


1 


124 


vi = ei,V2 = 62,^3 = -ei - 62, W4 = -61 + 

64, «5 = 61 - 63 - 64,^6 = 63,^7 = 64,^8 = 
61 + 62 - 63 - 64, Vq = -61 - 62 + 63, 


V{vi,vr) 


-4 



Remark 5.1.8. There is a misprint in 33, Proposition 3.4.1] concerning the 
primitive relations for the toric Fano 4-fold 108. 

Finally, we use a database provided by 0bro in [22] and the program Maple 
to prove the theorem in dimension 5 and 6. We implement a function which, 
given a smooth toric variety computes the product of the second Chern character 
with an invariant surface. The code is provided in the Chapter [6] 

Remark 5.1.9. We have concluded that there exists only one toric 2-Fano 4- 
fold. However, using proposition 3.2 and computations with the program Maple 
we see that there exist toric Fano 4-folds that have nef second Chern character 
(i.e., ch2{Tx) • > for every surface S C X). They are: 

P , Bi,B2,B3, i?4, C4, Di,D2,D3, D^,Dq, Dg, Dg, D12, -D13, D15, Li, L2, L3, L4, 
L^jLq, Li, Ls, Lq. 



5.2 Higher Dimensions 
5.2.1 Strategy 

Our goal is to classify smooth toric 2-Fano n-folds. Our strategy is to investigate 
what happens with the second Chern character of a toric variety X when we 
run the Minimal Model Program for X. Since in the toric case the MMP ends 
with a Mori fiber space, we start investigating the second Chern character of a 
Mori fiber space. There are examples of singular 2-Fano varieties with Picard 
number bigger than 1 with structure of Mori fiber space, see for instance |5. 2. 11[ 
However, we will show that is possible to find a birational model X' of X with 
structure of Mori fiber space, such that the general fibers are projective spaces. 
Then, in Section 5.2.2[ we will see that a such variety X' cannot be 2-Fano. 



Proposition 5.2.1. Let X he a smooth projective toric variety. Then, making 
suitable choices of extremal rays, we can run MMP for X to obtain a birationally 
equivalent variety X' and a Mori fiber space n : X' ^ Y whose general fiber is 

Proof. By T, Corollary 6] there is an open subset Xq C X containing the torus, 
a smooth variety Yq and a P'^-bundle structure ttq : Xq Yq. Let Y be the 
closure of Yq in Chow{X). Since ttq is flat and proper, there is a variety Li, 
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called universal cycle over Y, and universal morphisms e : U X , tt : U ~> Y 
such that e~"'^|xo is an isomorphism and the diagram below is commutative. 

Xo'^ — ^X 

■"a 



■ Y^ Chow(X) 



Consider a very ample effective divisor Ay on Y . Set A :— €^,{11* [Ay)) ■ Since 
Ay is very ample, the linear system |^| has no base points on X^. Let I be a 
curve in a fiber of ttq. Then, A ■ I = Q and Kx ■ I = Kpk ■ I = —k — 1 < 0. It 
follows that there is an extremal ray R of NE(X) such that Kx ■ R < and 
A ■ R < 0. We consider fj^-.X^Xi the contraction of R. If is a Mori 
fiber space, then there is a curve C C X such that its class is in the ray R and 
C n Xq 0. Since we choose R satisfying A ■ R < and Ay very ample, we 
must have that C is a curve in a fiber of ttq. Thus, R = M>o[^]- Since a fiber 
space depends only on its contracted curves, we have /rIxq — ""o and it proves 
the theorem in this case. Suppose that ff{ is a birational morphism and let E 
be the exceptional locus of /r. Then, E n Xq = 0. Otherwise, as before, R 
would be generated by [I] and therefore Xq would be contained in E. Since fa 
is an isomorphism outside E, the P'^-bundle structure of Xq is preserved in Xi. 
Continuing this process we prove the theorem. □ 

5.2.2 Second Chern Computation for Mori Fiber Spaces 

Now, we study the second Chern character of a variety associated to a Cayley- 
Mori polytope. Throughout this section we will say that a Q-factorial toric 
variety (non necessarily smooth) is Fano (resp. 2-Fano) if —Kx (resp. ~Kx 
and ch2{X)) is positive. 

Lemma 5.2.2. Let X be the toric variety given by a Cayley-Mori lattice polytope 
P = Pq * ■■■ * Pk C M^^'^. Suppose that the polytopes P'^s are intervals in 
M and that the natural projection it : M}^^ — > M''" project P on a polytope 
Q := conu(0, sei, scfe) for some positive integer s. Then, ch2{Tx) is not 
positive. 



Remark 5.2.3. It follows from Theorem 3.2.9 that the hypothesis imposed in 
the lemma above is equivalent to saying that X admits a structure of Mori fiber 
space / : X — > whose the general fiber is P*^. 



Proof. Recall from Section 3.1 that the fan E determined by P is of the follow- 
ing form: 

Write P, = Then Dp, = huV{l) + 6„F(-1) = Opi(60 where 

bi := biu + &iu. We may assume that Q < b^ < bi < ... < bk- The primitive 
vectors of S are: 
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u := du{l, biu — bou, bku — bou), v du{—l, biv — bov, ---jbkv — ^o-u), eo 
(0,-l,...,-l),ei (0,l,0,...,0),...,efc := (0,0,...,1), where 

du = 



gcd{s, biu - bou, bku - bou) 
and 



gcd{s, biu - bou, bkv - b^u) ' 



The maximal cones of S are: for i e {0,1,. ..,fc}, Oi :— (u, bq, e^, e^) 
and (-y, cq, e~i, Cfc) . 

Consider the invariant surface S := V{ei-, ■■■,ek) C X. We wiU use Proposi- 
ti!!] and [sTI] to compute ch2{X) ■ S. 



tions 



Set Du = V{u), Du = V{v) and A = V{e,), for i e {0, 1, k}. 
Since diw(x(^'°- '°^) = du-Du - d^-D^, we have that Dl ■ S = D^ ■ S = 0. 

We want to compute Di • 5 for i G {1, k}. 

Dl-S = Dn- T/(eo, 62, Cfe) = (Dq + divix"')) ■ t/(eo, 63, e^) = 
[{biu - bau)Du + {biv - bQu)Dv\ ■ ^(60,62, ...,efc) = \ . 

Dl-S^Di- F(ei, 62, efe) = {Di + div{x^'') ■ V{ei,e2, e^) = 

\ h \r, (u u ^ \ {biu-bou) {biv-bou) 
[-{biu-bou)Du~{biv-bov)Dv\-V{ei,e2,..-,ek) = • 

Uk = l then 2ch2{Tx) ■ S = {Df, + Df + Dl + Dl)-S = Q. Suppose fc > 1. 
Since 

D2 ~ {D2 + ^D^~ du[{b2v - 60.) + {b2u " bouWu, 

we have: 

Dl - S = [Dl - 2du{{b2v - bov) + {b2u - bou))Du ■ Do] ■ V{e2,...,ek) = 

{biu - bou) , {biv bov) _ _ ^ (^^^ _ ^ 



{biu — bou) ^ {biy — bov) 
du dy 



-2(62-60). 



Similarly, Df ■ S ^ {^m-bou) ^ {biv ~ bov) _ ^^^^ -bo),^^2, k. 

du dy 

It follows that 

2ch2{Tx)-S = ^ [ ^^^" :^°"V^^^- :^°-^ -2(b.-bo)] < E [(6i-6o)-2(6.-6o)] 

i=2 " " i=2 
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and then ch2{Tx) ■ S <Q. 



□ 



Remark 5.2.4. Notice that if A; > 1 then ch2{Tx) • 5 = if and only if 
bo = bi = ... ^ bk- In other words, ch2(Tx) ■ 5 = if and only if the polytopes 



Pq, ...,-Pfe have the same size. In this case, it follows from Remark 5.2.10 that 
ch2{Tx) is nef. More generally, making a similar computation as in the previous 
lemma, we conclude that if Pi is an rt-dimcnsional simplex (i.e., the variety 
defined by Pi is P"), then ch2{Tx) is nef if and only if Po,...,Pk have the 
same size. This means that, up to translations, there is an integer b such that 
Pi = 6A„ for every i e {0, k}. 

Lemma 5.2.5. Let X be the toric variety given by a Cayley-Mori lattice polytope 
P = Pa * ... * Pk C and let f : X ^ Y be the associated fibration. If C is 

an invariant curve on Y and Xq := f^^{C) then ch2{Tx) ■ Xc — c/i2(Ta'c)- 

Proof. Let C := V{t) with t = {vi, ...,z;„_i) C Sy. 

It follows from Proposition |2.1.3| and the description of the fan Sp that the 
invariant variety Xc ■= f^^iC) is given by V{f) with f = (?7i, d„1i) and 
f*iViv.)) = Viv,). 

Our aim is to compute the restriction of ch2{Tx) to Xc. Let _D be a prime 
T-invariant divisor on X corresponding to the primitive vector v G S]x(l). If 
we restrict D to Xc we have three possibilities: 

1. D ■ Xc = 0. This happens exactly when (w, f) is not contained in any cone 
of Sx. 

2. D ■ Xc 7^ and Xc is not contained in D. This happens exactly when 
(u, f ) is contained in some cone of Tix but v ^ f. In this case, D ■ Xc 
is the prime invariant divisor on Xc corresponding to the image of v in 
the fan Star^r) of Xc. Conversely, every prime invariant divisor on Xc 
appears in this way. 



3. D ■ Xc 7^ and Xc is contained in D. This happens when u e f. In this 
case, V = Vi for some i e {1, n — 1}. Thus, D is the pull-back of V{vi). 



Since C is a curve ■ Xc = 0. 



Now, the lemma follows from Proposition 5.1.4 □ 



Theorem 5.2.6. Let X be a Q-factorial projective toric variety and suppose 
that fji'.X^Yisa contraction of fihering type of a ray R of the Mori cone 
NE{X). If the general fiber is a projective space, then X is not 2-Fano unless 
X is a projective space. 
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Proof. From Theoreni |3.2.9| we conclude that X is the toric variety associated 
to a Cayley-Mori lattice polytope P = Pq * ■■■ * Pk C and fa is induced 

by the natural projection tt : 2"+*^ — > Z*^. If the general fiber of fa is P*^ then 
the projection of P by ttr is a polytope of the form Q := conw(0, sei, se^) 
for some positive integer s and {ei,...,efe} a basis for Z'^. Suppose that X is 
not a projective space. Then Y is positive dimensional. If C is an invariant 
curve in Y then Xc = fR^{C) is given by a Cayley-Mori polytope It^* ... 



where U C Pi is an edge of Pi. So, the theorem follows from Lemmas 5.2.2 and 



[5X5] □ 

Corollary 5.2.7. If X is a smooth projective toric variety with p{X) < 2 then 
X is not 2-Fano unless X is P". 



Proof. By Corollary [3T7| p(X) = 1 imphes X is a projective space. Otherwise, 



by [24j X is a projective bundle over a positive dimensional base and by the 
previous theorem X is not 2-Fano. □ 

Remark 5.2.8. If X is a Q-factorial projective toric variety with p{X) — 1 
then NE(X) and NE2(X) are unidimcnsional. Thus, X is 2-Fano. 

If we do not require smoothness there are toric varieties with Picard number 
2 that are 2-Fano as in example |5.2.11[ This example also shows that the 
hypothesis on the general fiber of fn made in Theorem |5.2.6| is necessary. In 
order to explain this example we need some preliminaries on Mori fiber spaces 
of Picard number 2. 

Proposition 5.2.9. Let X he a toric variety corresponding to a Cayley-Mori 
polytope P — Pq Pk where each Pi is an n- dimensional simplex. Then the 

dimension of NE2{X) is at most 3. More precisely, 

1 if n = k = 1, 
dim NE2{X) — ^ 2 if n — land k > 1, or n > land k = 1, 
3 otherwise. 



Proof. As discussed in Section 



3.1 



writing Dp. := CLi.Dj for i = 0, k, the 



primitive vectors of the fan Ep are: 



k 



i(^*)-i(e,) fori e {0,...,A:}and{ij -.^ dj[vj+Y^{a,^-ao^){A*) ^(ei)]. 



1=1 



for every j e {0, 1, n}. 

Denote the divisors V{ui) and V{vj) by and D^. respectively. 

For each i G {0,...,k} and j G {0, l,...,n} there exist positive integers Ci 
and Cj such that diCiD^. ~ djCjDy. (to see it compute div{x") for u e Z" n 
{{vo,...,v„...,Vj,...,Vn))-^). 

After renumbering the polytopes P/s we may assume that 

j=0 j=0 -' j=0 ■' 
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For each i € {0, k} we have 

n 

j=o 

From this it follows that for every i e {0, k} we have: 

(a^^ - ao^ ) 



- so ^ so 2^ r. 



f 1 1 



j=0 



Dm = j^Du^ + ^ E and 
D = =^D + ^ V ^^^^ ~ ) . 

This means that for every j € {0, 

Du„ G cone(A, for i G {0, 
-Dili G cone(_Di, A- ) for i G {1, k} and 
D„2 G cone(A, A~j) for i G {2,...,/c}. 

We conclude that every invariant surface can be written as a non negative lin- 
ear combination of 5*1 := V{u3, ...,Uk,vo, w„_i), ^2 := V{u2, ...,Uk,vo, ■■■,Vn-2) 
and 53 := V{ui, ...,Uk,vo, ...,u„_3). 

If n = fc = 1 then X is a surface. If ?i = 1 and fc > 1 then 5*3 does not exists 
and NE2{X) has {Si, S2} as a basis. If n > 1 and k = 1 then 5*1 does not exists 
and {5*2, S'3} form a basis of NE2{X). Otherwise, NE2{X) has dimension 3 
and {Si, 5*2, S'3} is a basis. □ 

Remark 5.2.10. Let X be as in Proposition |5. 2. 9] Using the same notation as 
the proof of Proposition |5.2.9 we conclude that the Mori cone of X is generated 
by the curves Ci := V{vi, ...,Vn,U2, ■■■, Uk) and C2 ■= V{v2, ...,Vn,ui, ...,Uk)- 

It is straightforward to check, using [Z2^ |5 . 1 . 4| and the relations above, that 
chi{X) ■ Ci = —Kx ■ Ci, ch2{X) ■ Si and ch2{X) ■ S3 are always positive. So, 
the positivity of chi{X) and ch2{X) depends only on the values —Kx ■ C2 and 

ch2{X)-S2. 

Now, we give an example of a singular 2-Fano variety with Picard number 

2. 

Example 5.2.11. Let X be the singular toric variety defined by the Cayley- 
Mori polytope 

Q := conv{{0, 0, 0), (1, 0, 0), (0, 0, 1), (2, 0, 1), (0, -2, 1), (2, -2, 1)). 
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The primitive vectors of Sq are: uo = (0, 0, — l),wi = (0,1,2),U2 = (0,-1,0), 
vo = (1,0,0) and vi = (-1,0,1). 

Consider C2 := V{ui,U2) and ^2 = V{u2) = Du2- Using the relations 
Z)„j + div{x~'^^) = D^^, Duo + div{x'^^) — 2£)„^ + and the Proposition 
[^XH we get: 

-Kx ■ C2 - {Du„ + Du, + + D^~o + D^^,V{ui,U2)) = 1. 



ch2{X) ■ S2 = \{{Duof + {Du^f + (^nj' + {D^^of + (^.l)')V^(«2)) 



We have studied the second Chcrn character of a Mori fiber space, which is 
the variety obtained in the last step of the MMP. The next step is to understand 
what happens to it when we apply a step of the MMP which is a divisorial 
contraction or a flip. This seems to be a hard problem. Next, we give some 
partial results in this direction. 

Theorem 5.2.12. Let X he a smooth toric variety and fji'.X^Yan extremal 
contraction of a ray R of NE{X) of divisorial type. It follows from Corollary 



3.2.12 that Exc{ffi) = ¥z{£) where Z G Y is an invariant suhvariety and £ 
is a decomposable vector bundle on Z . Suppose that Z = and £ = Opi © 
Cpi(fei) ® ... ® C'pi(6fc) with <bi < ... < bk. Then X is not 2-Fano. 

Proof. Suppose that X is 2-Fano. The minimal vectors of the fan of E := 
Exc{fii) are: 

u= (1,61,..., &fc),z; = (-1,0,..., 0),eo = (0,-1,-1,..., -l),ei = (0, 1, 0, 0), 
efc = (0,0,...,1). 

It is weU known that Ke = n*{Kri + Opi{bi) + ... + Ori{bk)) - (k + 1)^, 
where tt : Vfi{E) — )• is the canonical projection and ^ = Opi^£){l) is the 
tautological line bundle. By adjunction formula we have —Kx\e — —Ke + E\e. 
Since ^ = V{ea) (see Lema 3, [37]), we obtain 

-Kx\e - -^*(Opi (-2) + Opi (fei) + ... + Ori {bk)) + {k + l)V{e^) + E\e. 

Since E is the exceptional locus of /ij, we can write E\e — -|-7r*(C'pi(s)), for 
some integer a < and s e Z (see [TT]. lemma 14.1.7). 

If we take C :— V{u, 62, Ck) C iJ a curve contained in a fiber of /aIb, we 
conclude: 



-Kx\e ■C=[{k + l)F(eo) + E\e] • C = [(fc + l)V{eo) + aV{e^)] • C> 
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^a>-(fc + l). (1) 
If we take C := V{ei, Cfc) C E, we have: 

-Kx\e . C" = 2 - 6i - ... - 6fe + [{k + l)V{e„) + aV{eo)] ■ C + ^:^Or^ {s)) ■ C 

^ ~Kx\e • C" - 2 - 6i - ... - &fe + s > 

^ s>bi + ... + hk~l. (2) 

Now, we will compute the intersection number between c/i2(Jx) and the 
surface S := F(e2, ek) C E. 

From exact sequence — > Tx\e — > E'Ib — > it follows that: 

ch2{Tx\E) = cMTe) + {EUf . 

Using the formula c/isCTb) = ''^ ^ ~ tt* ci (^)C + tt* (cfea (Tpi ) - ch2 (E) ) , 
given in [5J 4.1], we conclude: 



ch2{TE) ■ S 

. 2 
(fc + 1) 



(fc + l) 



■S 



2 

(fc + 1) 



F(eo) - TT* [Opi (&i) + ... + Opi ibk))\ ■ V{eo, 62, et) 
(Vieo) + divix'^)) ■ l^(eo, 62, ek) - 61 - ... - 6fc = 
(l/(ei) + hiV{u)) ■ 1/(eo, 62, 6fe) - 61 - ... - 6fc = 



(fc + 1) 



If X is 2-Fano then, ch2{Tx\E) ■ S ^ ch2{TE) ■ S + (EIe)"^ ■S>0 
-ii ^ ui -t ... + bk > 0. 



(£;U)2.5>-^^^6i +6, 



On the other hand, 
(EIe)^ ■ S = [a^e + 2avr* (Op. (s)) • ^] ■ V{e2, 6fe) = + 2as 

o N « a, (1) (fc + 1), 

a(a6i + 2s) > ^ s < -^bi < - — - — -bi. 

It follows that 

(2) (fc+1) 

bi + ... + bk-l < s<^-^bi-l (3) 

This is possible only if fc = 1. But this implies that dim X = 3. On the other 
hand we know that the only toric 2-Fano 3- fold is P^. □ 
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Proposition 5.2.13. Let X he a smooth projective toric variety and Z C X a 
(smooth) invariant suhvariety of X of codimension c. Denote by n : X ^ X 
the blowing up of X along of Z . If X is 2-Fano then Z is Fano. 

Proof. Denote by E the exceptional divisor and / :— ■k\e '■ E Z.Then E = 
P(-/V^), where N = Nz\x- Given an invariant (rational) curve C d Z there are 
integers ai < • • • < such that N'^\c = Oc{ai) © • • • ® Oc{ac)- Let Z C -B 
be the minimal "pull back" curve of E, that is, f{l) — C and ^ ■ I — ai, where 
^ = C'£;(l). It is well known that Kj^ = tt*Kx + (c — 1)E. This implies that 

-Kx ■ C ^ -K^ ■l + {c-l)E -l (1) 

From the exact sequence ^ Tz ^ Tx\z ^ Nz\x we conclude that 

^Kz-C = -Kx\z-Act{N) (2) 

Putting (1) and (2) together we have that 

-Kz-C = -Kj^-l + {c-l)E-l + aiA = -K^-l~[c-l)ai+aiA 

-Kz ■ C > -Kj^ -l + Qc. 

In order to prove that Z is Fano we will show that Oc > if X is 2-Fano. We 

can write c/i2(T» = n*ch2{Tx) + ^^ ^E ^~j^ (^f* (ci(A^)) j , where j : E ^ X 

is the natural inclusion (see Lemma 5.1.6). 

Consider the invariant surface S := Pc(Cc(ai) ® Cc(fl2)) C E. By projec- 
tion formula it* ch2{Tx) ■ S — 0. Since i?^ = ^ we have that E"^ ■ S = ai+ a2- It 
follows that: 

ch2{T^)-S = (^(ai+a2)-i?-(r(ci(7V))) 
{ai+a2)-c^{N)- f,{E-S) 
(ai +02) + ci(iV) • C 
(ai + 02) - (ai H h Oz). 

If X is 2-Fano then we have < — ^-{a\ + 02) — [a\ -I- • • • -I- < 0,2 < ■ ■ ■ < 
an. □ 













u 
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Chapter 6 

Appendix: Maple Code 



In this appendix we provide the code used in the program Maple to compute 
ch2{Tx) ■ S for X a smooth toric varieties and S an invariant surface. The code 
is based in the theory given in |5.1.2| The reader who wishes to obtain the file 
in Maple extension can access the webpage |http : //w3 . impa . br/-edilaine7 

Input: The primitive vectors and maximal cones which determine the toric 
variety X; an invariant surface of X. 

Output: ch2{Tx) ■ S. 
restart : 

with (Linear Algebra) : 
with(RcaidomTools) : 
witli(RegularCliains) : 
witli(combinat) : 
with(Statistics) : 
with(ArrayTools) : 

A:=proc(L,m) 
local i, j ; 

for j from 1 to Count(L) do i : =union(choose(convert (L [j] , set) ,m) , i) 
end do ; 
return i ; 
end proc: 

f : =(n,E,x) ->if (convert (x, set) in A(E,n-2) , convert (Concatenate (2 , 
Vector_row(x) ,Vector_row( [0] )) ,list) , [seq(0, i = 1 .. (n-1))]): 

g:= (n, E, y)->if (convert (y, set) in A(E, n-l),y, 
[seq(0, i = 1 . . (n-1))]) : 
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k:= (v,z,ni)->GramSchmidt( [seq(v[z[i]] , i = 2 .. m) , v[z[l]]]): 

h.:= (n, v,z ,r) ->if (Count (k(v,z ,r) ) < r, Vector [column] (n, i->0) , 
-k (v , z , r ) [r] *DotProduct (v [z [1] ] , 
k(v,z,r) [r])--l): 

e : =z->convert (convert (z , set) \-[z [1] }■ , list) : 

z:=(n,E,y)->if (is(y[l] in [seq(y[r] ,r=2. . (n-1))] )=false or 
f (n,E, convert (Vector_coluiiin(n-2, i->y [i+1] ) ,list) ) = 
[seq(0,i=l. . (n-1))] ,g(n,E,y) , [seq(0,i=l. . (n-1))]) : 

q:=(n,v,E,y)->if (is(y[l] in [seq(y [r] ,r=2 . . (n-1) )] )=f alse 

or f(n,E, convert (Vector_coluinn(n-2,i->y [i+1] ) ,list))= 

[seq(0, i=l . . (n-1) )] ,g(n,E,y) , seq( [z(n,E, convert (Concatenate (1 ,r , 

Vector_coluinn(n-2, i->y [i+1] ) ) .list) ) ,DotProd.uct (v_r ,h(n, v, 

convert (Concatenate (2, y_l, convert (e(y) .vector)) .list) .n-2))] . 

r=l. . Count (v))) : 

u:=(n.E.w)->if (convert(w.set) in A(E.n).l.O): 

t:=(n.v.E.w)->if (is(w[l] in [seq(w[r] .r=2. .n)] )=f alse or 
g (n . E . convert (Vector_coluinn (n-1 . i->w [i+1] ) . list ) ) = 
[seq(0 , i=l . . (n-1) )] ,u(n,E,w) , add(DotProduct (v_r ,h(n, v, 
convert (Concatenate (2, w_l, convert (e(w) .vector)) .list) .n-1))* 
u (n . E . convert (Concatenate ( 1 . r . Vector_coluinn (n-1 . 
i->w[i+l] )) .list)) .r=l. . Count (v))) : 

d:=(n.v.E.y)->if (q(n.v.E.y)=g(n.E.y) .t(n.v.E. 
convert(Concatenate(l,y_l,Vector_column(n-l,i->y_i)) .list)) , 
add(t(n.v.E.convert(Concatenate(l.y_l.convert(q(n.v.E.y) [p] [1] . 
Vector)) .list))*q(n. v. E.y) [p] [2] .p=l. .Count(v))) : 

c : = (v . E . x) ->add (d (Count (v [1] ) . v . E . convert (Concatenate (2 . s . 
convert (x. vector)) .list)) .s=l. . Count (v)) : 
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